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Abstract. We construct a new class of finite-dimensional C*-quantum groupoids at roots of 
unity q = with limit the discrete dual of the classical SU(A^) for large orders. The repre¬ 

sentation category of our groupoid turns out to be tensor equivalent to the well known quotient 
C'*-category of the category of tilting modules of the non-semisimple quantum group Uq{sl]s[) of 
Drinfeld, limbo and Lusztig. 

As an algebra, the C*-groupoid is a quotient of Uq { sl at). As a coalgebra, it naturally reflects 
the categorical quotient construction. In particular, it is not coassociative, but satisfies axioms 
of the weak quasi-Hopf (7*-algebras: quasi-coassociativity and non-unitality of the coproduct. 
There are also a multiplicative counit, an antipode, and an i?-matrix. 

For this, we give a general construction of quantum groupoids for complex simple Lie algebras 
g f Es and certain roots of unity. Our main tools here are Drinfeld’s coboundary associated to 
the i?-matrix, related to the algebra involution, and certain canonical projections introduced by 
Wenzl, which yield the coproduct and Drinfeld’s associator in an explicit way. Tensorial properties 
of the negligible modules reflect in a rather special nature of the associator. We next reduce the 
proof of the categorical equivalence to the problems of establishing semisimplicity and computing 
dimension of the groupoid. In the case g = sl^ we construct a (non-positive) Haar-type functional 
on an associative version of the dual groupoid satisfying key non-degeneracy properties. This 
enables us to complete the proof. 


1. Introduction 

Let g be a complex simple Lie algebra, q a primitive root of unity, and let Ug(g) be Lusztig’s 
restricted quantum group |[8l . It is well known that this is a non-semisimple algebra, and so is its 
representation category. However, a semisimple tensor category, 5", called the fusion category, 
can be obtained as a quotient of the category of tilting modules by the ideal of the negligible 
ones |l251l26ll3lllllISIl5l|. These categories play a prominent role in conformal field theory |[5l, 
subfactor theory Il20l , topological quantum field theory and the study of invariants of 3-manifolds 

mm. 

For the roots of unity q = with d the ratio of the square lengths of a long root to a short 
root, Kirillov introduced a *-involution and an associated inner product on the arrow spaces of 
T and conjectured positivity [|22l . Wenzl proved the conjecture, and derived existence of a C*- 
structure making the braiding unitary iffTl . See also ll50l for an independent related result and 
[|^ [40l l4n l42l and references therein for a complete discussion on unitarity and modularity. In 
particular these results are of interest in the algebraic approach to low dimensional QFT where 
tensor C*-categories with unitary braided symmetries arise ifTTIl . and constituted our original 
motivation. 

The aim of this paper is to construct C*-quantum groupoids with representation category 
tensor equivalent to the fusion C^-categories of si n. They arise as linear duals of quantised 
function algebras, and we thus denote them by C(SU(iV),£). Every such groupoid turns out 
to be described by a finite dimensional (i7*-algebra which is a quotient of Uq{slN) determined 
by the irreducible *-representations with dominant weights in the open Weyl alcove. Hence the 
dimensions of the representations are classical. Our constructions may be interpreted as a natural 
dual of the quotient construction at the categorical level as recalled above. 
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The problem of constructing quantum groupoids describing a given tensor category via rep¬ 
resentation theory originates in the physics literature (see IfTTlI and references therein) and sub¬ 
sequently it has been vastly considered also with different motivations. For the C*-categories 
T, the fusion rules become close to those of g for i large. Physical considerations lead to look 
for quantisations of the compact real form G of g ifTSl . The quotient construction defining T al¬ 
lows a more precise formulation of the problem. Indeed, it may be understood as taking a tilting 
module T to a maximal non-negligible summand T and a morphism to its compression to corre¬ 
sponding summands. Hence objects of T can be viewed as Hilbert spaces of classical dimension, 
and arrows as linear maps between them. We may regard this association as an approximation 
of the usual embedding functor of Rep(G) into the Hilbert spaces for i large, and ask whether 
the former can rigorously be interpreted as the embedding functor of a G*-quantum groupoid. 
Since the non-negligible modules are after all the tilting representations of Uq{g) with positive 
quantum dimension, to construct this groupoid one is led to start with the semisimple quotient 
of f/g(g) determined by such representations. 

The first construction of this kind has been done in the physics literature by Mack and Schome- 
rus in the early 90s, who were motivated by certain models of rational conformal field theory 
lllTlEIllIll. Specifically, they started with the quotient of Uq{5l2) alluded to above and showed 
that truncation of tensor products of non-negligible modules leads to a non-unital and quasi- 
coassociative coproduct. Furthermore, they introduced the general notion of a weak quasi-Hopf 
G*-algebra, as a generalisation to the non-unital case of the quasi-Hopf algebras previously 
introduced by Drinfeld IfTTI . 

To the best of our knowledge in the last two decades there has not been any progress in ex¬ 
tending Mack and Scomerus construction to pairs (g, i) for other Lie algebras. Notice that such 
a generalisation would not be obvious, as the construction of the coproduct in the si 2 case relies 
on the special property of that Lie algebra that tensor products of all the irreducible represen¬ 
tations are multiplicity free. Furthermore, not much is known about the relation between Mack 
and Schomerus groupoid and the quotient category of s/ 2 , although such a relation is certainly 
expected. 

This may be partially explained by the fact that most later studies have focused on the coasso- 
ciative weak Hopf algebras of [lB|71|32l. Indeed, soon after their introduction such algebras were 
shown to cover several physical models, including orbifold models previously described by gen¬ 
uine quasi-Hopf structures, see e.g. [|9llB[l4l|34ll37l[3T|. Furthermore, every semisimple fusion 
category of a rather general kind was shown to correspond to a weak Hopf algebra 
We should however remark that when applied to the fusion categories T, the relation between the 
reconstructed weak Hopf algebra and the original Lie algebra is not apparent. For example, the 
set of dimensions of the base coefficient algebras is unbounded if the order of the root of unity 
becomes large. This is due to the fact that Hayashi-Szlachanyi duality relies on the construction 
of an (associative) embedding functor which does not reproduce the above truncation procedure. 

Our groupoids turn out to satisfy most axioms of the weak quasi-Hopf G*-algebras, and we 
shall interchangeably refer to them in this way or as quasi-coassociative G*-quantum groupoids. 
More in detail, they are finite dimensional G*-algebras endowed with a quasi-coassociative and 
non-unital coproduct and a multiplicative counit. They also have an invertible antimultiplica- 
tive antipode, and an /(-matrix. Coassociativity failure is described by a Drinfeld associator 
explicitly derived from an iterative truncation procedure associated to powers of the vector rep¬ 
resentation. Tensorial properties of the negligible modules in the tilting category reflect in rather 
strong properties of the associator that we describe in Sect. 9. For example, it is an idempotent. 
Counit multiplicativity has the advantage that representations act on vector spaces rather than 
bimodules. Furthermore, since our groupoids are built from the classical group using only rep¬ 
resentations of the non-semisimple counterpart of positive quantum dimensions, they naturally 
approximate the classical Lie group in the sense described above. 

We next explain our approach. While there is in general no canonical choice of truncated 
tensor products, Wenzl was able to make one for tensor products 14 <8 C of an irreducible in 
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the open aleove by a suitable generating representation V, speeifieally ehosen for eaeh Lie type 
(fundamental representation). He then proved Kirillov eonjeeture by showing that this subspaee 
is a Hilbert space under the restriction of an hermitian form obtained as a deformation of the 
usual tensor product structure via the /(-matrix. The corresponding projection then becomes 
selfadjoint. We are interested in a coherent iterative choice of a sequence of such projections 
Pn ■ V"®” —>■ V—'^ onto truncated tensor powers of V. One thus obtains a natural functor 

IL : 

from the fusion C*-category to the Hilbert spaces taking a tensor power 1/®" to the range of 

We adapt Tannakian methods for quantum groups to the functor W. In other words, we pass 
to the dual viewpoint and talk of comodules. Notice that Wenzl’s functor is not a tensor *- 
functor into the Hilbert spaces in the usual sense [[30l . Even compared to more general Tannakian 
reconstructions (e.g. for weak Hopf algebras [|4^ . or ergodic actions of compact quantum groups 
[f3^ 1. there are independent new obstructions. First, the usual tensor product of Hilbert space 
representations is not a representation on the tensor product Hilbert space, already if q is not a 
root of unity. This is due to the anticomultiplicativity property of the involution of Uq{Q). This 
means that the construction of the adjoint can not be treated along lines similar, e.g., to those 
for compact quantum groups |[49l . as the involution is comultiplicative for the latter. At roots of 
unity, a second obstacle is associativity failure of W and it is due to the truncation procedure. 
Indeed, Wenzl’s projections pn fail associativity already for s/2 at the smallest root, in agreement 
with Mack and Schomerus observation, cf. Ex. 5.2. 

We replace associativity failure of W by certain remarkable properties of the negligible mod¬ 
ules of the tilting category, due to Andersen [[3l and emphasised by Gelfand and Kazhdan [[T^ 
in their quotient construction. We show that these properties play a role also in our case: they 
allow us to construct a coassociative but non-associative bi-algebra !D(I/, /) acting as a universal 
algebra of a vector space. We endow it with an involution induced by Drinfeld’s coboundary 
associated to the so called unitarized /(-matrix R of [ITn . We next introduce the ‘function alge¬ 
bra’ Q{G, i) as a quotient of D(V, i) by a coideal induced by the fusion category which, by our 
coherent choice of the Pn is also an ideal, but only of one-sided type. Hence C(G, /) is naturally 
only a coalgebra with involution. The problem becomes that of making it into an algebra. Notice 
that this corresponds to the most delicate point in Mack and Schomerus approach, namely the 
construction of a coproduct. 

We observe that our problem can be reduced to the question of cosemisimplicity of C(G, /). 
Specifically, we show that if we know that C(G, /) is cosemisimple then one can derive a non- 
associative algebra structure on it as a pull back of the product of D(V, /). But more is true: 

the dual groupoid C(G, /) can be made into a weak quasi-Hopf C*-algebra with /(-matrix with 
representation category equivalent to T. The associator is explicitly described by associativity 
failure of Wenzl’s projections It has the virtue of being an idempotent. Our second main result 
is that C(G, i) is indeed cosemisimple for G = SU(A^). This is done via the construction of a 
suitable filtration of C(G, i) in the general case, for which an (even associative) algebra structure 
is naturally defined, and of a Haar functional for that filtration in the type A case. This functional 
is in turn achieved via an analysis on the Weyl filtrations of the negligible summands of the 
tensor powers E®” of the fundamental up to a specific value of n specified by the conjugation 
structure of the representation category of SU(//). 

We should remark that because of space limitations, cosemisimplicity of G{G, i) for Eie types 
other than A has not been considered in this paper, but will be taken up in the future. A positive 
answer would allow us to extend our main result to such groups provided q ^ Eg. 

The paper is organised as follows. Sect. 2 is dedicated to preliminaries on quantum groups 
at roots of unity and the associated fusion categories. In Sect. 3 we recall Drinfeld’s unitarized 
/(-matrix and the associated coboundary. In Sect. 4 we recall Kirillov-Wenzl’s theory mostly 
following Wenzl’s approach, while in Sect. 5 we construct Wenzl’s functor. We dedicate Sect. 
6 to Tannakian reconstruction of the function algebra quantum group in the generic case (i.e. 
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q is not a root of unity), while in Sect. 7 we perform the construction of the universal non- 
associative algebra D(V, i) at roots of unity and we show multiplicativity of the coproduct for 
all 0 7 ^ Eg. Section 8 deals with the construction of the involutive function coalgebra C(G, i) 
and an associated filtration endowed with an associative product. In Sect. 9 we construct quasi- 

coassociative dual C'*-groupoids C(G', i) under the assumption of cosemisimplicity of C(G, i), 
we study Drinfeld’s associator, verify the quasi-Hopf C*-algebra axioms, and show the men¬ 
tioned equivalence of tensor C*-categories. Finally, in Sect. 10 we develop a cosemisimplicity 
condition for C(G, i) involving a Haar functional on the filtration, and we verify its validity for 
0 = sIn- We include an appendix where we explicit the generator for the fusion C'*-categories 
of si AT and the conjugation structure. 


2. Quantum groups at roots of unity 


Let 0 be a complex simple Lie algebra, f) a Cartan subalgebra, ai,..., a set of simple 
roots, and A = (a^) the associated Cartan matrix. Consider the unique invariant symmetric 
and bilinear form on 1^* such that {a, a) = 2 for a short root a. Let E be the real vector space 
generated by the roots endowed with its euclidean structure {x,y). Let A be the weight lattice of 
E and A'*' the cone of dominant weights. 

Consider the complex *-algebra C[x, x~^] of Laurent polynomials with involution x* = x~^, 
and let C{x) be the associated quotient field, endowed with the involution naturally induced from 
C[x, We consider Drinfeld-Jimbo quantum group i.e. the algebra over C(x) defined 

by generators Ei, Ei, Ki, K~^, i = 1 ,..., r, and relations 




K,K-^ = K-^K, = 1 , 


KiEjR-^ = KiEjK-^ = 


EjF,- - EjEi = 5, 


K, - K. 


-1 


X'^i 


X 


-di ’ 


1 dij 


-If El 


(1 -u = 0 , 


1 d-ij 


-ifFl 


(1 aij k)p p[k) _ g 


i 7^7, 


0 0 

where di = {ai,ai)/2, and, for k > 0, Ef'^ = E^/[k]dX E^^^ = E^ /[k]di\. Note that di is an 
integer, hence so is every inner product (aj, aj). Quantum integers and factorials are defined in 

the usual way, [k]x = ^ ^ result selfadjoint scalars of 

C(a;). There is a unique *-involution on 74 ( 0 ) making it into a *-algebra over C(x) such that 

K* = K-\ e: = e,. 

This algebra becomes a Hopf algebra, i.e. a coassociative coalgebra with coproduct A, counit 
e and antipode S defined, e.g, as in ll47l . where his Ki corresponds to our Ki. 

One has the following relations between coproduct, antipode and involution for a E 74 ( 0 ), 

A(a4 = A°P(a)4 (2.1) 

( 2 . 2 ) 

(2,3) 


s{a*) = e{a). 

S{a*) = S{a)*, 

S^{a) = iL 2 ->^ 2 p, (2.4) 

where A°p is the coproduct opposite to A, 2p the sum of the positive roots, and, for an element 
a = J2i of Iho root lattice, Ka := K^^... K^^. 

2.1. Remark Notice that Ux{q) is not a Hopf *-algebra in the sense of, e.g., (Si, where (2.1)- 
(2.3) are replaced by A(a*) = A(a)* and S{a*) = S~^{a)*. 

We next consider Lusztig’s integral form ll25l . In order to construct braided tensor categories, 
it is well known that we need to embed the original algebra into a larger algebra, via a procedure 
involving, among other things, extension of scalars, see ll4^ for details. For the purposes of this 
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paper (see the next seetion) we shall aetually need a further extension, and the eorreet polynomial 
ring for the integral form will be 

with L the smallest positive integer sueh that L(A, /i) G Z for all dominant weights A, /r. The 
explieit values are listed in [|4^ for all Lie types. For example, L = N for g = sIn. 

(k) (k) 

We define the integral form IXyi as the Al-subalgebra generated by the elements El , Fl 
and Ki. This is known to be a *-invariant Hopf Al-algebra with the strueture inherited from 
^ 4 ( 0 ). Notice that, in connection with the mentioned extension needs, 1 X 4 is not quasi triangular, 
even topologically, but the representation categories that we next consider will be braided tensor 
categories, and this will suffice for our purposes. 

We fix g G T, and consider the *-homomorphism Al —)■ C which evaluates every polynomial 
in q, and form the tensor product *-algebra, 

Ug{g) :=Ua(^a C, 

which becomes a complex Hopf algebra with a *-involution, and properties (2.1)-(2.4) still hold 
for f/g(0). 

Given a dominant weight A of g, we can associate various modules Vx{x), V\{A), and 14(g) 
of Ux{g), Ua and Uq{g), respectively, usually called Weyl modules, and thus form correspond¬ 
ing representation categories as follows. We shall mostly be interested in Vx{q) that we shall 
eventually simply denote by I 4 as well. 

a) The category RepiXlA) 

Let Vx{x) be the irreducible representation of (4(g) with highest weight A and let vx be the 
highest weight vector of 14 (x) and form the cyclic module of Ua generated by vx, 

14(4) := MA(lXyi)nA- 

It is known to be a free Al-module satisfying 

La( 4) 0AiC(a;) = LA(4- 

We denote by RepCUyi) the linear category over A with objects finite tensor products of modules 
14 ( 4 ). It becomes a tensor 4-category in the natural way. 

h) The tilting category ‘J( 0 , t) 

Every module 14(4) gives rise to the complex (/^(g)-modules via specialisation at a complex 
number g: 

Vx{q) :=Vx{A) (^a C. 

This is obviously a cyclic module, but it is not always irreducible if g is a root of unity. The 
linkage principle gives information on irreducibility at primitive roots of unity. Briefly, one 
needs to consider the affine Weyl group, and its translated action on the real vector space E 
spanned by the roots, defined by w.x = w{x + p) — p. The structure of this group depends on the 
parity and divisibility hy d := max di of the order m of q [|43ll . In this paper we are interested in 
the case where m is divisible by 2d, and more specifically we take g = as in this case one 
obtains tensor C'*-categories @711501. The affine Weyl group, Wi, is generated by the ordinary 
Weyl group W and translations by id, where Q is the highest root. The translated action admits a 
fundamental domain, called the principal Weyl alcove, that intersects A+ in the set 

;= {A G A+ : (A + p,0) < dT\. 

The linkage principle then implies that 14 (g) are irreducible for A G A^. Moreover, they are 
pairwise inequivalent. We refer to |l3l|43l[8l for complete explanations. 

We follow ll47l for the construction of the tilting category. Namely, we fix, for each Lie type, 
a representation L of g taken from a specific list, that we cA\ fundamental. For example, in the 
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type A case, V is the vector representation. Each fundamental representation has in particular 
the property that every irreducible of g is contained in some tensor power of V. 

One can form the category T( 0 , i), also denoted for brevity, with objects finite tensor pow¬ 
ers of V(q) and arrows the intertwining operators, completed with subobjects (i.e. summands) 
and direct sums. 

This is a strict tensor but non-semisimple category. It is known ll47l that the objects of are 
tilting modules in the sense of Andersen |[3l, and that conversely, for i large enough every tilting 
module is isomorphic to an object of T^. More precisely, one needs an order i such that k E Ai, 
where k is the dominant weight of V and 

;= {A e A+ : {X + p,e) < di}. 

Tilting modules were originally defined as those modules W admitting, together with their dual, 
a Weyl filtration, i.e. a sequence of modules {0} (Z Wi (Z ■ ■ ■ <Z W such that Wi+i/Wi is 
isomorphic to a Weyl module V\^{q) with A* E A+. Weyl filtrations are non-unique, but for 
all filtrations of W the number of successive factors isomorphic to a given Vx{q) is unique, and 
it is in fact given by the multiplicity of Vx{x) in W{x) if W is obtained from a specialisation 
X ^ q of a module W(x) of t4(0), see Prop. 3 and Remark 2 in Il43l for a precise statement. 
This in particular implies that the multiplicities of the dominant weights of the factors in the 
Weyl filtrations of tensor products Vx^ (g) ( 8 ) • • • ® Vx„ (q) with A* E Ai (or more generally of 
tilting modules) are the same as those determined by decomposition into irreducibles of the 
corresponding tensor product in the classical (or generic) case. 

c) The quotient category 

We next briefly recall the construction of the semisimple quotient of T^, henceforth written 
following the approach of Gelfand and Kazhdan [fT^ . Every object of decomposes as a direct 
sum of indecomposable submodules, and this decomposition is unique up to isomorphism. One 
can form two full linear (non-tensorial) subcategories, T®, and T-*- of T^, with objects, respec¬ 
tively, those representations which can be written as direct sums of Vx{q), with \ E A^ only, and 
those which have no such Vx{q) as a direct summand. 

2.2. Definition The objects of T-*- and T® are called negligible and non-negligible, respectively. 
An arrow T : VE —)■ W of is called negligible if it factors through W ^ N ^ W with N 
negligible. 

The category 7^ of negligible modules satisfies the following properties, first shown by An¬ 
dersen [[3]|, and abstracted in IfT^ 

(1) Any object W G is isomorphic to a direct sum W ~ Wq © N with Wo E T® and N E 7-^. 

(2) Eor any pair of arrows T : Wi ^ N, S : N ^ W 2 of 7£, with N E ‘J-'-, Wi E 1°, then 

ST = 0. 

(3) Eor any pair of objects W E 7^, N E T-*-, then W ® N and N ®W E T-*-. 

Property (1) follows immediately from the mentioned decomposition of objects of 7^, while 
property ( 2 ) means that no non-negligible module can be a summand of a negligible one (how¬ 
ever, it can be a factor of a Weyl filtration of a negligible). 

Eet Neg(IE, W') be the subspace of negligible arrows of {W, W'). Then the quotient category, 
7i, is the category with the same objects as 7^ and arrows between the objects W and W' the 
quotient space, 

:= (lE,lE')/Neg(lE,lE')- 

Gelfand and Kazhdan endow 3^ with the unique structure of a tensor category such that the 
quotient map —)■ is a tensor functor. The tensor product of objects and arrows of 

is usually denoted by W®W' and S'©T respectively, and referred to as the truncated tensor 
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product in the physics literature. This is now a semisimple tensor category and {14, A G A^} is 
a complete set of irreducible objects. 

2.3. Remark By Lemma 1.1 in ifT^ . composition of inclusion “7° ^ with projection —>■ Ji 
is an equivalence of linear categories. Hence 7° becomes a semisimple tensor category as well 
tensor equivalent to 7^. This procedure may be understood as a categorification of the following 
visualisation of truncated tensor products at the level of Grothendieck rings. For A, /r G A^, one 
can decompose 14 ® Vj* uniquely up to isomorphism in 7^, 

14 ® 14 ~ © AT, 

with N negligible. Then in 7^, 

14©14 ~ ©i.eA£"iA,/.K. 

Notice that, although unique up to isomorphism, the decomposition of I 4 © 14 described in 7? 
is not canonical (cf. also Sect. 11.3C in [18]| and references therein.) 


3. Ribbon and coboundary structures 

The main topic of this section is the coboundary structure of the category RepCUyi) associated 
to the ribbon structure. It was first introduced by Drinfeld ffTTI for different purposes and used 
by Wenzl to obtain a variant of Kirillov inner product Il47ll . We shall later need it as well for the 
construction of the ^-involution of the groupoid. 

In order to obtain ribbon Hopf algebras, one needs to pass to a suitable extension of Ua- 
We refrain from explicitly recalling the construction of R and we refer to [|4^ for a detailed 
treatment, but our notation will agree with [|4^ . The R matrix then lies in a suitable topological 
and algebraic completion of the of the tensor product algebra by itself. As anticipated in the 
previous section, we slightly modify this construction in that we further extend the scalars to 
A = This will allow the construction of a central square root of the ribbon 

element in the completed algebra which will be useful later for the hermitian structure. 

We recall the main algebraic properties of R [fT^ . 


A°P(a) = RA{a)R-\ 

(3.1) 

1 © A(i?) = Ri^Ri2, 

(3.2) 

A © !(/?) = /?i3i?23- 

(3.3) 


Relations (3.1)-(3.3) mean that for any pair of representations u, v of Rep(ll^), the operators 
Eu^v '■= © u(i?), with S the flip map, are intertwiners of the category satisfying naturality in u 

and V. Hence „ is a braided symmetry for the category. In particular, the Yang-Baxter relation 

R12R13R23 = R23R13R12 

follows, see e.g. [|45]| for details. 

There is an associated ribbon element which is a central invertible element v in the completed 
Hopf algebra such that 

R21R = n © uA(u“^), 

and it is given by v = K 2 pU, where u = m{S © l(i? 2 i)), and often called the quantum Casimir 
operator. The element u was originally introduced in IfT^ the notion of ribbon Hopf algebras and 
ribbon tensor category is due to Reshetikhin and Turaev [13^ [39l . For the following important 
result, see Theorem 3 in P3ll and references therein. 

3.1. Theorem The category Rep(UA) is a ribbon tensor category. Hence so are 7^ and 7^. 

We next consider the relation between the R matrix and the *-involution. Wenzl proves the 
following [|471 . 
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On the other hand it is known that the inverse of u can be computed as 
It follows that 

u* = mil ® SiR*)) = miS-^ ® liR*)) = u-\ 

for the second equality, see Lemma 2.1.1 in HSll . Therefore 

^ _ — 1 

V = V 

as well. The action of v on an irreducible module is derived from the expression of the R 
matrix, and it is given by scalar multiplication by on a highest weight module of 

weight A, dm, see also see [l471 [8ll. By ifTTI one can construct a central square root w lying in 
the topological completion of the extension of Uji. It acts as the scalar on the same 

module. One thus has: 

= V, 

_ — 1 

w = w . 

It follows that one can compute a square root of R 21 R, 

= w ^ wA{w~^). 

Drinfeld used the element w to construct the so called unitarized R matrix R as follows. Set 

0 := ^w~^Aiw), 

and define 

R := RQ = Rw~^ (g) w~^Aiw). 

We recall the following relations. 

3.2. Lemma 

a) 0* = (0)-/, 

b) Q 21 R = RQ- 

proof a) 0* = Aiw)*w w = A°P(w*)iP ® w = w ® = 02^. b) By (3.1) and 

centrality of w, 

Q 21 R = 0 w~^A°'^iw)R = w~^ 0 w~^RAiw) = Rw~^ 0 tp“^A(tp) = RQ. 

3.3. Proposition One has: 

R* = (R)^l = R. 

In particular, R is selfadjoint. 

Proof By a) of the previous lemma, 

R* = (RQ)* = Q*R* = (0)2-/i?2”l' = (^2l02l)-' = (^)2"l'- 

Furthermore, by b) of the same lemma, 

R 21 R = iRQ) 2 iRQ = R 21 Q 21 RQ = R 2 iRQ^ = 1. 


The Yang-Baxter equation can equivalently be read as an associativity property for the R 
matrix: 

i?i2A 0 l(i?) = .R 23 I 0 A(i?). 

One can thus unambiguously define elements in the iterated tensor powers of the ribbon Hopf 
algebra, 

^(n+l) _ p>in) ^ ^ ^ ^ ^(n)^ ^ AQ-^'> (R) 

where := R. We set, for n > 2, 

00) ;= 0 . . . <g) m;-1A0-1)(u;) 
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and note that it is associative as well: 

(g) ® 1(0) = w~^ 0 • • • (g) w~^ 0 0 0 l{w~^ 0 w"^A(w)) = 

00+1) = 1000)10 A)'^-^)(0). 

We also set: 

^in) ^(n)0(n)_ 

3.4. Lemma The following pairs of operators commute: 

a) A0) 0 l(i?) and 0 i 2 , 

b) 1 0 A0)(i?) and 023 , 

c) A0“i) 0 1{R) and 00) 0 1, 

d) 10 A0-i)(i?) and 10 00). 

proof a) we need to show that A0) 0 l(i?) commutes with R 21 R = 0“^. We explicit A0) by 
leaving A always on the left: A^) = A 0 1 o A, A^) = A0l0loA0loA, and so on. An 
iteration of (3.3) gives 

A0) 0 1{R) = Rln+2R2n+2 ■ ■ ■ Rn+ln+2- 

R 21 R 12 obviously commutes with all the factors in this expression except the first two. For them, 
we use the twice the Yang-Baxter equation, the first time with 1 and 2 exchanged, in both cases 
3 is replaced by n + 2: 

{Rln+2R2n+2){R2lR) = {Rln+2R2n+2R2l)R = {R2lR2n+2Rln+2)Rl2 = 

R2l{R2n+2Rln+2Rl2) = R2l{Rl2Rln+2R2n+2) = {R2lR){Rln+2R2n+2) 

c) follows from a) and the fact that 

00) = 0A 0 1(0)... A0-0 0 1(0). 
b) and d) can be proved in a similar way. 

-(^) 

3.5. Proposition R is associative: 

^(n+l) ^ ^(n) ^ ^^(n-1) ^ = 1 0 0 A(’"-1)(;R). 

Proof This follows from properties c) and d) of the previous lemma. 

-(fl) 

3.6. Proposition R is selfadjoint for all n. 

Proof For all n, 

A0)(a)* = A°P(")(a*). 

Furthermore, being w central, we may replace R with R in (2.6): 

A°P(a):R = :RA(a). 

It follows that, for all n, 

A°P(")(a):R„+i=:R„+iA0)(a), 

where Rn+i ■= A°p)^”“^) 0 l(f?)... A°p 0 1{R)R. We thus have, being R selfadjoint, 

(R^^y = (RA 0 i(;r) ... A0-0 0 i(:r))* = 
a°p0-2) 0 i(:r) ... a°p 0 i(;r);r = Rn = 
a°p0-2) 0 i(R)R^_^ = :r„_iA(”-2) 0 i(;r). 

By induction on n, = (f?*'"^ ^^)* = Inserting this information in the above compu¬ 

tation gives 
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We next introduee Drinfeld’s eoboundary of RepCUyi). First eonsider, for any pair of objeets 
M, n G RepCUyi), the braiding operators: 

e{u, v) = Em ® v{R) G {u<^v,v<^u). 

As reealled above, these are natural isomorphisms in u and v and define a braided symmetry, in 
that 

e{u, tp) (g) 1^ o 0 e{v, w) = e{u 0 n, to), 

1,; 0 e{u, w) o e{u, ip) 0 1^ = e{u, v ®w). 

Correspondingly, we eonsider the assoeiated modified form 

(t(m, p) = Ew 0 v{R) G (m 0 p, p 0 m), 

obviously still arrows of the eategory. However, they do not define a braided symmetry. Rather, 
one has the following properties, whieh are immediate eonsequenees of the previous proposi¬ 
tions. 

3.7. Proposition The arrows a{u,v) G (p 0 p,p 0 p) of RepiUji) are natural isomorphisms 
satisfying 

a{v,w) o a{w,v) = (3.4) 

(j(p 0 p, ip) o (t(p, p) 0 1^ = a(u, iP 0 p) o 0 (t(p, w ). (3.5) 


An abstraet tensor eategory admitting arrows a{u,v) satisfying the properties stated in the last 
proposition, is ealled a eoboundary eategory IfTTl . 

Notiee that both sides of (3.5) define an intertwiner of the eategory whieh reverses the order 
in triple tensor produets, 

CTs : Pi 0 P2 0 P3 P3 <8 P2 0 Vi- 

More generally, we eonsider arrows 

CTn G (Pl 0 • • • 0 Pn, Pn 0 • • • 0 t"!) 

induetively defined by 

On := a{Vn-l ® ■ ■ ■ ® Vi,Vn) O On-l ® Ivr,- 

We explieit ct„ dropping the involved representations in the notation. Let E„ denote the permu¬ 
tation that reverses the order in a tensor produet spaee with n faetors. 

3.8. Proposition 

^) ^nRm 

b) (Tn = (Tn-l 0 Ivi O a(Pi, P 2 0 ' ' ' 0 Pn) = 
a(Pi, Pn 0 • • • 0 P 2 ) O 0 On-l = 

0 On-l O Cr(Pi 0 • • • 0 Vn-1, Vn), 
e) = 1. 

Proof a) By induetion on n, 

= E„_i,iA("-') 0 1 (;R)E„_i:R„_i = E,_i,iE„_iA°p(”-^) 0 1(:R):R„_i 0 1 = 

E„A°P("-') 0 1(:R):R„_i 0 1 = E„K, 

where Em,n is the permutation on a tensor produet of m -f n faetors that exehanges the first 
m faetors with the remaining n, and E„ is the permutation that reverses the order in a tensor 
produet spaee with n faetors. b) One similarly shows that the right hand side of b) equals Tj^Rn- 
e) follows from b) and induetion on n. 
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4. Kirillov-Wenzl theory 
a) Hermitian structures on Rep{liA) 

In this subsection we recall Kirillov’s *-involution in Rep('Uyi) making it into a tensor *-category, 
following Wenzl’s approach. 

By an hermitian space we shall mean a free finitely generated module H over the involutive 
algebra A endowed with a non degenerate, sesquilinear j4-valued form (^, 7]) on H, hermitian 
with respect to the involution of A: 

= iv^O- 

Given a linear map T : H ^ H' between hermitian spaces, one can define the adjoint T* : H' ^ 
H. The category “K of hermitian spaces over /I is a *-category, in the sense of lITOll . 

By a *-representation of Ua we mean a representation of it on an hermitian space which 
preserves the involutions, u{x)* = u{x*). Weyl modules can be made into ^-representations as 
follows. Given a dominant weight A, and the associated Weyl module Vx{x) at the generic level, 
we can form both the dual module Vx{x)* and the conjugate module Vx{x). In the former case, 
t4 ( 0 ) acts by transposition of the right action while in the latter the action is given 

on the conjugate vector space by := These representations are still irreducible and 

have the same lowest weight, —A. Hence a unique invertible intertwiner <I) : Wx —)■ arises 

from the identification of their natural lowest weight vectors, thereby defining the form: 

:= $(0(r/). 

This form turns out hermitian and, when restricted to Vx{A), takes values in the corresponding 
base ring, hence it does make that module into a *-representation , see Sect. 2 in [|471l . 

The main crux here is that if u and v are *-representations of Ua then their tensor product 
representation u®v defined in the usual way by means of the coproduct, u v := u ® v o A, is 
not a ""-representation with respect to the natural product form. 

This is due to the fact that the A is not ""-preserving. However, the ribbon structure fixes the 
problem. Not only this, but it is the first key step towards the construction of unitary braid group 
representations, in the sense that unitarity is first achieved at the the algebraic level, as we next 
recall. 

4.1. Proposition For any pair of * -representations u and v oFUa, the following form: 

® r/, (g) T]') := (^ 0 77 , M ® v{R)^' 0 r]')p (4.1) 

is hermitian and makes makes u® v into a *-representation. 

Proof Indeed, we have recalled in Prop. 3.3 that R invertible selfadjoint as an element of the 
completed tensor product of the extended algebra by itself, and this implies that u 0 v{R) is a 
selfadjoint operator with respect to the product form. Hence the right hand side does define an 
hermitian form on the tensor product space. Moreover, the adjoints A* and A+ of an operator 
A : U ®V U ®V, with U and V the spaces corresponding to u and v, and computed with 
respect to the modified and product forms respectively, are related by 

A* = u® v{R)~^A~^u 0 v{R). 

It follows that for a e Ua, 

u 0 v{a)* = u® v{R)~^{u ®vo A{a))~^u 0 v{R) = 


u 0 v{R) ^u®vo A°'^{a*)u 0 v{R) = u® v{a*). 
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In order to simplify notation, we shall switeh from representation to module notation when 
this will eause no eonfusion. Henee we identify a representation u with its spaee U, and simply 
denote by the aetion of the operator M(a) on a veetor 

We now make all objeets of Rep('Uyi) into ^-representations in the way just explained. In other 
words, we endow a tensor product module Vai <8 • • • <8 Vx^ with the form defined by the action 
of the matrix R , 

K.r,) := K.A*"’!)),, 

which is indeed hermitian by selfadjointness of R , cf. Proposition 3.6. We can thus compute 
the adjoint of every arrow of RepCUyi). 

4.2. Theorem The hermitian forms so defined on objects of Rep(UA) make it into a ribbon 
tensor *-category. Furthermore, both the braiding operators e{U, V) = Si? G {U ®V,V ®U) 
and the coboundary operators a{U, V) = Si? G {U ®V,V ®U) are unitary arrows ofRep{UA). 

Proof We need to verify that the tensor product makes the set of objects into a (unital) associative 
semigroup and that the tensor product of arrows satisfies (S' 0 T)* = S'* 0 T*. In regards to the 
former, a computation shows that the hermitian form of (f/ 0 K) 0 kP is defined by the action 
of i? 0 lA 0 l(i?), while that for f/ 0 (IS 0 W) corresponds to 1 0 i?l 0 A(i?), and these two 
coincide by Proposition 3.5. Let now S' G (f/, U'), T G (V, V). Using (4.2) we get 

{S 0 T)* = 0-^i?-^S* 0 T*i?0 = ^* 0 T*. 

We next check unitarity of e{U,V), 

e(u, vy = ;R"^(Si?)+:R = 0-^i?-ii?+Si?0 = 

0-^i?-^i?^i^Si?0 = 0-^i?-^S0 = (i?0)-^02iS = 

( 02 ii?)-' 02 iS = £(U,U)-i 

by Lemma 3.2 b). Finally, since a{U, V) = e{U, U)0, it suffices to show that 0 G (f/ 0 U, U®V) 
is unitary. By Lemma 3.2 again, 

0* = R~\q)+R = R~\Q)j^R = 

Q-\Q2iR)~^RQ = 0-^(i?0)"^i?0 = 0-^ 


b) C*-structures at roots of unity 

We next recall the main results of BTl . The hermitian form previously considered on Weyl 
modules 14(^1) specialises to any g G T, hence induces a complex sesquilinear and hermitian 
form on V\{q). 

4.3. Theorem Let g G T, then the hermitian form ofV\ (SI) specialises to a positive definite form 
on V\{q) in the following cases, 

a) for A G A+ satisfying (A + p, 6*) <d + ^ifq = e*’'"* is not a root of unity, 

b) for X E Ai if q = 

Let V = Vk denote the fundamental representation of 0 as in [l47l . with n its dominant weight. 
For example, if 0 is of type A or C, V is the vector representation, for types B is the spin 
representation, for type D is one of the two spin representations, Kj. The order of the root 
of unity is chosen in such a way that V(q) is non-negligible, i.e., k G A^. This representation 
© K 2 in type B) has the property that its tensor powers contain every irreducible of 0. 

We summarise properties concerning fusion of tensor products with the fundamental. We add 
a few remarks in the proof aiming to connect various results known in the literature. 

4.4. Theorem Let V be the fundamental representation ofg^ Eg, (V = lA. in the type D case) 
and pick X G A^. Then 
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a) all irreducible submodules ofVx®V in Rep{g) have weights jj, G Ai, 

b) the maximal negligible and non-negligible summands V\{q) ® V(g) in are unique and 
given by 

= 0 Vx®V = 0 m^V^, 

^leKe\Ai 

with multiplicities as in the classical case. Specifically, both decompositions are multi¬ 
plicity free for g 7 ^ F^; while Nx is so for g = F 4 , 

c) if g is a classical Lie algebra, V is minuscule hence fusion rules are given by 

= 1 G -Ea := {A + 7 : 7 weight ofV}. 

Proof a) and b) are Theorem 3.5. in Wl\ . Notiee that on one hand, the dominant weights of 
the Weyl modules appearing as faetors in the Weyl filtration of an indeeomposable submodule 
with maximal weight p of Vx{q) ® V{q) must belong to the set of dominant weights arising 
from the elassieal deeomposition of 14 0 1^ see e.g. Prop. 3 in [|43l . On the other, the Weyl 
modules 14(<?) with /x G are irredueible and tilting |l3l|4l|471. Sinee deeomposition into 
isotypie eomponents of irredueibles is unique, this shows b). e) Every summand I 4 of I 4 0 E 
has weight of the form p = A + 7 , where 7 is a weight of E. But if in addition g is of type 
ABCD, then V is minuseule by, e.g., table A. 2.3 in ll23l . This implies the previous statement 
has a eonverse: for any weight 7 of E sueh that A + 7 is dominant, I 4+7 does appear in I 4 0 V, 
see, e.g.. Lemma 3.1 in ll24l . 

Notation. From now on we shall mostly work in the tilting eategory T^, or its quotient henee 
we shall simply write I 4 for the Weyl module 14(g). 

The speeialised eoboundary matriees R are still invertible and selfadjoint, henee the eorre- 
sponding hermitian form of 14i 0 • • • 0 14,. is non degenerate, provided Aj G A^, by Theorem 4.3. 
However, it may degenerate on subspaees. Wenzl used the above properties of the fundamental 
representation to show the following important result. 

4.5. Theorem Under the same assumptions of the previous theorem, for q = and A G Ag, 
WenzPs hermitian form is positive definite on the submodule 140E. Furthermore, for any 7 G 
A(, the canonical projection 

Pa,7 : 14 0 1 ^ ^.^14 

is selfadjoint under the same form and one has Px,-yPx,^i = 0 for 7 4 A- 

4.6. Remark Notiee that Wenzl ineludes the Eg ease, whieh we exelude in this paper, as, beyond 
being the most delieate ease, it may give rise to indeeomposable but reducible summands of 
14 0 lA, cf. Theorem 3.5 c) of BTl . while our later constructions need complete reducibility of 
such tensor products. 


5. Wenzl’ s functor 

In this section we construct a sequence of projections pn on powers lA®'^ onto Hilbert sub¬ 
spaces and describe their main properties. 

Consider, for each A G Ai, the (selfadjoint) projection Px ■ Vx ® V ^ 1Aa01A, given by 
Px = Pa, 7 > where the sum is made over all possible summands I 4 of VA 0 lA with 7 G Ai. Let 

Po and Pi denote the identity maps on the trivial module C, and lA respectively. Set, for g 4 Dn, 
P 2 = Pk, with K the dominant weight of lA. In the type D„, case, if Ki and K 2 denote the dominant 
weights of the two half-spin irreducible subrepresentations of lA, we set p 2 = Pki + Pk 2 - Define 
inductively canonical projectons pn on L®”, as follows. Given 

Pn ■ lA®” ©Q:Gyl„14,n 
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iteratively projecting onto the non-negligible part of a canonical orthogonal decomposition into 
submodules, 

t/®- = 0 0 

with Nn negligible, consider unitaries Va,n with /r G A^, and then set 

Pn+l = 'Yh O Iv O O (g) ly O 0 ly. 

Ari 

The next lemmas will often turn out useful. 

5.1. Lemma 

a) Pn°Pm® Ir®'- =Pn=Pm® Ir®- O Pn, 

b) A 0 ly®r O Pjn+r = Pn+r O A 0 ly®r = A0ly®r, foP A G . 

Proof The case r = 1 holds by construction, a simple iteration shows the general case, b) It 
suffices to show the first equality. Assume r = 1. For A = : 14,m ^ 

A 0 ly O 0 ly O O 0 ly = Pn+l O A 0 ly = A0ly. 

The equality also holds for A G V^^), by complete reducibility of and For 

r > 1 , by a) and induction on r, 

A 0 ly®r O p^_j_,, = ^A 0 ly®i—1 O p^_|_,— j 0 ly O Pjyj_|_j. = 

(Pn+r-1 O A 0 ly®r-l) 0 ly O p^+^ = p„+^ O {pn+r-1 O A 0 ly®r-l) 0 ly = 

Pn-\-r O A 0 ly®r. 


One inductively derives from a) that p„ is selfadjoint w.r.t. Kirillov-Wenzl form, for all n. In 
general, the projections p„ do not satisfy right associativity, i.e. pn o ly®^' ® Pm Pn- We see 
this with an example. 

5.2. Example Set q = 5 / 2 , f = 3. We denote by a the unique simple root, so d = 1, 6^ = a, 

p = ia, and (a, a) = 2. These data imply that the open Weyl alcove contains two non-negligible 
irreducible representations Vq and Vi, with Vq the trivial and Vi = V the vector representation, 
respectively. Furthermore, V 2 is a negligible irreducible representation. We have the following 
decompositions 1® 0 4 ~ 14 © V 2 , implying 401/ ~ Vq, and 14 0 4 ~ 4 ~ 4)04. The 
quantum determinant element S' = © 42 — d42 0 4 i is a morphism in (I 4 , 4 0 4) satisfying 

S'* 0 ly o ly 0 S' = — ly, S*S = [2]q = q + q~^, see Prop. A. 4 and A. 5 in the appendix for 
details. Now q + q~^ = 1 for f = 3, hence S is an isometry, so we have p 2 = S'S'*. There is no 
further truncation at the next power, so ps = p 2 0 ly = S'S'* 0 ly. We next compute 

P3 o ly © P2 = P2 © Iv o Iv © P2 = 

S'S'* 0 ly O ly 0 S'S'* = —S' 0 ly O ly 0 S'* 

and it is now easy to see that it differs from p^. 

However, the following property will function as a replacement of right associativity failure 
of the Pn- It is the way how Andersen-Gelfand-Kazhdan properties of Sect. 2 will often manifest 
themselves in this paper. 

5.3. Lemma For any pair of morphisms S G ( 4 ®™^ 4 ®*^), T G ( 4 ®*^^ 4 ®^) of the tilting 
category, 

Pr oT o ly®s 0 Pt 0 lyeDu oS'op^=P^oT oS'op^ 


Proof The range of ly®s 0 (1 - p4 01 is a negligible module by (3), while pm and pr have 
support on non-negligible modules, hence pj-oTo ly®^ 0(1— pt) 0 ly®« o S' o p,„ = 0 by (2). 
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As an illustration, in our example 5.2, 

Ps o 1 (g) P 2 ° Ps = —S <g) ly O ly (g) S'* o SS* (g) ly = 

— S 0 ly o (S'* 0 ly o ly 0 S')* o S'* 0 ly = SS* 0 ly = P3. 


We next deseribe the first important eonsequenee. Consider the eategory 9r with objeets 

1 /®^ ;= 


and morphisms 


= {^ G : Spn = PmS = S}. 


We introduce a tensor product in Si, 

V^m^yrn _ y^m+n^ O ^ 0 T O 

where S e T e 


The following theorem is due to [|47ll . We briefly comment on those aspects that will play a 
role in the sequel. 


5.4. Theorem This tensor product makes Si into a strict tensor C*-category with a unitary 
braided symmetry given by 

e{b) := pne{b)pn, b G IB„. 

Furthermore the composition of the inclusion Se % with the quotient —)■ Ti is an equiva¬ 

lence of braided tensor *-categories. 

Proof The statement about the equivalence of the two categories can be proved in a way similar 
to the proof of Lemma 1.1 in IITbl . once the tensor structure of Si has been verified. The identity 
arrow on 1/^" is pn- We need to verify the following properties: Pn^Pm = Pn+m', (*S'0T)* = 
S'*0T*, associativity, (S0T)0f/ = S'0(T0f/), and the exchange rule between composition 
and tensor product, (S' o T)0(S" o T') = (S'0S") o (T0T'). The second property follows from 
the fact that the projections p„ are selfadjoint arrows of 7i, while the remaining properties follow 
from Lemma 5.3. For example. 


(S'0P) 0f/ Pyu'-\- n' -\-p^ ^ Pm'-\-n' Ip' S ^ T ^ U O p^j^^ 0 O p^_|_,.,^_|_p 


Pm' -\-n' -\-p' O S' 0 P 0 f/ O Pyu-i^yi+p — Pm'+n' +p' Im' 0 Pn'-\-m' S 0f/ol^0 p^_^yy^ O p^_|_,.^_|_p — 

S®{T®U). 

Similar computations show that e is a braided symmetry for Si- The C*-structure and unitarity 
of the braided symmetry are consequences of the results recalled in the previous section. 


This realisation of the quotient category is useful to obtain an analogue of a fibre functor, the 
starting point of our reconstruction, W : Si 7C taking to its Hilbert space, PnV®"^, and 
acting identically on arrows. In the following we shall identify the abstract quotient category 7^ 
with its concrete realisation Si and we shall not distinguish the notation. 
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6. Algebraic compact quantum groups G { Gg ) for q eT generic 

In this section we pause on roots of unity and Wenzl’s projections. Thus we fix g G T not 
a root of unity, and 0 is a complex simple Lie algebra. We apply Tannaka-Krein duality to 
the tensor category of ^-representations of Uq{g) and construct a quantum group, denoted C = 
Q{Gq), which may be viewed as a quantization of the function algebra over the compact group 
G corresponding to the compact real form of g. This construction conveys a general strategy that 
we will extend at roots of unity in later sections. 

The main novelty of our construction, in comparison with the corresponding construction for 
the compact quantum groups Gq for g G M If49l . is the algebra involution, which now relies on 
the coboundary. The main result of this section is cosemisimplicity of the associated function 
algebra, which is derived from existence of a Haar functional, which, however, is not positive. 

Let V-fj denote the category with objects the hermitian spaces arising as representation spaces 
of the objects of and arrows all the linear maps. The adjoint still makes sense for the arrows 
of this category, and one easily verifies that in this way satisfies all the axioms of a tensor 
*-category, except the rule of the adjoint of a tensor product arrow, which, unless S and T are 
morphisms of representations, it is replaced by the property 

{S ®Ty = O s* ®T* oR. ( 6 . 1 ) 

We consider the spaces of the tensor powers of the fundamental representation of Uq{g), simply 
denoted by V"', n G N. Same notation applies to simple tensors of V^. Elements of 

are regarded as arrows of (t, Vy in in the natural way. Similarly, elements of the dual space 
(yy* will be regarded as arrows of (V"-, t). 

We form the diagonal subalgebra D = D{V) of the mixed tensor algebra associated to V, 

D := ©ngN(V^’^)* ® 

In other words, the multiplication in T) is given by 

{(p ® ip)y ® Ip')-.= (p(p'® ipip', ( 6 . 2 ) 

99 G (L”)*, 99' G (Vy*, ip & V"', y ^ V^. Notice that the subset of simple tensors 

:= (p®y; p) evy e V*}, 

generates D as an algebra. A non-involutive quantum group can be reconstructed via usual 
Tannaka-Krein duality. Specifically, let J be the linear subspace of D generated by 

J := 1 .S.{V 9 ®Aopj-(poA^pj-, A G (L”, L™)}. 

6.1. Proposition J is a two-sided ideal of D, hence the quotient space 

e := D/J 

is an associative and unital algebra. 

Proof It suffices to show that J is stable under left and right multiplication by the generators 
This follows from the fact that the arrows A G (L”, L"*) are stable under left and right tensoring 
by ly. 

We next make C into an involutive Hopf algebra. The adjoint can equivalently be introduced 
in two different ways, one relying on the n-th tensor power of Hermitian structure of V and the 
other on Kirillov-Wenzl hermitian structure of L" (i.e. a deformation of the former via f?„). 
Both turn out useful. 

For Ip eV, Ip* is the linear functional on V defined by ip* pip') = ("0, ip')- We can thus identify 
the dual space (Vy* with L*", denoting by ipl.. .ipp the tensor product functional® • • ■®ipp. 
We introduce the *-involution as follows 

((>1 . . . C 0 l/'l • • • V’n)' = '/'J ■ ■ ■ ■l/’i ® '#’n . . . '#’1, 


(6.3) 
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for Tpi G V. This is clearly a well defined map on D. We next express this adjoint in terms 

of the hermitian structure of and the (specialised) coboundary operators G 

of Sect. 3, 

6.2. Lemma Foripi,.. .tjjn &V, 

Proof Taking into account (6.1) for arrows {'ipi... ipn)* and ipl... C. 

%l)n)* = l/’i . . . C O ^lV„. 


We can thus alternatively represent simple tensors of T) in the form ^ ® and define the 
adjoint of D by 

0 0)* = 0V“^ 0 (j),i)eV^. (6.4) 

6.3. Proposition This involution makes T> into a *-algebra and J into a *-ideai. Hence C is a 
*-algebra. 

Proof If A G {V"^, V'^), ip G 0 G V'^, we compute the following adjoints by means of (6.4), 

® 4>y = 0 0)* = 0V"^ 0 

since is unitary. Similarly, 

(0V“^ 0 fl0)* = 0 0 = (p*ap^{anA*apy 0 0. 

Taking into account the important relation = 1, this computation shows that the adjoint of an 
element of the form il)*ap^A 0 0 — 0 Ap is of the same form. 

6.4. Remark Notice that, for class elements of 6 , for 0,0' G If”, [0* 0 0']* = [0'* 0 0], where 
the adjoints of 0 and 0' refer to the hermitian form of ff". On the other hand, up to a scalar 
multiple, this form restricts to the hermitian form of 10 if 10 is a submodule of If”. Hence, for 
0,0' G Ifo,, we may regard 0* and 0'* as adjoints relative to the hermitian form of 10. 

We next introduce in C the structure of a Hopf algebra by first endowing D with coproduct 
defined by: 

A(0 0 0 ) = (0 0 rir) 0 {rf 0 0), 

where 17 ^ G If” is a basis and 17 ’’ G (If”)* is a dual basis. A routine computation shows that A 
does not depend on the choice of the basis. 

6.5. Proposition The coproduct A is unital and coassociative, and satisfies A (a*) = A°^’(a)*. 
Furthermore J is also a coideal, hence A induces a coproduct on C, still denoted A, satisfying 
the same properties. 

Proof It is straightforward to check that A is unital, multiplicative and coassociative. Since 
a —> A(a*) and a —)■ A°P(a)* are both antimultiplicative maps on D, it suffices, and it is easy, 
to check that A(a*) = A°P(a)* for a = 0* 0 0, 0, 0 G If. Finally, if A G (If”, If*”) is 
an intertwiner, and 77 * G If”, G If'" are linear bases with dual bases 77 ®, respectively, for 

0 G If”, 0 G (If®”)*, 

A(0 o A 0 0) = p o A® rji® rf ® Ip, A(0 0 A o 0 ) = 0 0 0 0 A o 0 . 

An easy computation gives 

A(0A 0 0-00 A0) = (0A 0 77 * - 0 0 Ar]i) {f^A 0 0 - 0 A0), 

implying A(J) C J 0 X> + 2) 0 J. 

We next introduce the functional 


h-.e^c, 
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which corresponding to the Haar measure in the elassical case by, 

where is the projection onto the isotypieal component of the trivial subrepresentation of V"'. 
Every A G {V^, V^) satisfies Ae^ = e^A, and this shows that h annihilates J, thus defining a 
linear funetional on C. 

This functional turns out useful to show eosemisimplieity of C. Consider a eomplete set, Vx, 
A G A"*", of irreducible representations. An isometrie intertwiner S E (Vx, V®'^) induces a linear 
inelusion 

Vx 0c Vx ^ Q 

whieh takes a simple tensor (f)0il) io the elass of (f)S* 0 Sip. 

6.6. Proposition The above inclusion V^ 0c Vx ^ Q does not depend on n and S G (14, V^"'). 
Furthermore, the image is a subcoalgebra. 

Proof If T E (Vx, V®'^) is another isometry then in the quotient, 

[(PS* 0 SiP] = [<ps* 0 ST*TiP] = [<PS*ST 0 Tip] = [0T* ® Tip]. 

For the last statement we notiee that a similar eomputation shows that if ip and ip' lie in or¬ 
thogonal invariant subspaces of some V®'" then [ip* 0 ip'] = 0. Therefore if (p and ip lie in the 
same irredueible component of V®'"' then A([0* 0 ip]) can be simply expressed by means of an 
orthonormal basis of that submodule, rather than of the whole V®'^. 

6.7. Theorem For every A G A+, the natural inclusion I 4 * Vx ^ G is faithful. Therefore, as 
a coalgebra, 

e = 0 14* ®c Vx. 

AeA+ 

and G is cosemisimple. 

Proof Consider isometries Sx,i E (Vx, V”) sueh that . Sx,iSl ^ = lyn. An element (p0ip E 
{y^y 0 V^, regarded as an element of G, can be written in the form 

(p0ip = (p0^ Sx,iS*x^iip = <pSx,i 0 S*y. 

Henee C is linearly generated by the various V^ 0Vx. We next show that the linear inelusion of 
V^* 0c Vx in C is faithful. We evaluate h{ab), for a = ip* 0ip' E Vx 0 Vx, b = (p* 0<p' E V* 0 V^. 
If Vx is not eonjugate to V^, h{ab) = 0, as I 4 0 V^ does not eontain the trivial representation. If 
Vx is conjugate to V^, we identify I 4 with the conjugate hermitian representation I 4 . If ipi is an 
orthonormal basis of V^, then r ;= ipi 0 K_ 2 pi’i G (t, Vx 0 V^). Lemma 3.4 of HTI easily 
implies that the adjoint of r with respect to the hermitian form is given by r*{ip 0 cp) := (ip, (p). 
Henee for a = 0 0 ip, b = (* 0 r], and a non-zero sealar d(fi), the quantum dimension of I4, 

d(p)h(ab) = (p*y* 0 rr*ipr] = (p*y*r 0 r*iprf = 

= {i,K-2p(p)(ip,ri). 


Let us fix a eomplete set of irreducibles parametrised by A+. Thus for any p E A+, the 
eonjugate of is Vx, with A = —Wop. The eomposition of the complex conjugation —>■ 

Vfj, with a unitary intertwiner t4 : V^ —)■ Vx is an antiunitary map : V^ —)■ Vx, unique up 
to scalar multiples by z G C with \z\ = 1. We can thus define a linear map, the antipode, 
S' : C —)■ C, by 

S{(p* 0ip) = (jpip)* 0 jp(p, (p* 0 Ip eV* 0 v^. 

Notice that S does not depend on the choice of or of the set of irredueibles. We also define 
the eounit 


e : C —)■ C, e((p* 0 ip) = (cp, ip). 
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6.8. Proposition Antipode S and counit e make G into a Hopf algebra. Furthermore, S and e 

commute with the adjoint map and = (p*K 2 p (8) 

Proof The relations S{a)* = S{a*) and e{a) = e{a*) are easy to eheek. If pr is an orthonormal 
basis of Vp, with p and j as above, then r = J2r dr ® jdr £ Vp ® Vx)- We verify the relation 
m o 1 (g) S' o A(a) = e{a) for a = (j) ^ -ij e V* ® Vp. 

m(l (g) S{A{(j) (g) ij)) = 
m(l ^ S{(j) ^ pr ^ Vr ® = 

m((0 O Pr) ® O jpPr)) = 

® ^(Ic) = (jUpi^y o r 0 Ic = 

^HVr){jpyjpVr) = ^(l>{Vr){rir,y) = 

r r 

(piii) = e{(j) 0 y). 

The analogous relation with S on the left follows from this after taking the adjoint. We finally 
eompute S'^. Keeping the same notation used in the definition of S, we have that S'^(0* 0 

y) = {j\jp4>y ® jxjpy- We identify Vp with Vp as an hermitian spaee. In other words, the 
eorresponding eonjugation identifies with Jp~^. Observe that Jp~^U*Jy^ is a unitary intertwiner 

of (Va, Vp). The aetion of Uq{Q) on Vpis = S'“^(a)^, and we know that S~'^{a) = K 2 paKyp, 
henee e {Vp, Vp). We ean thus ehoose Ux = Kj;^Jp-^U*Jy^, implying ja = K^pJp~^U*, 
whieh together with = UpJp gives jxjp = 

We finally pass to the dual spaee, Q' and we endow it with the usual dual algebra strueture given 
by 

uu' := ce 0 ce' o A 

eoproduet A : C' —)■ (C 0 6 )' D C' 0 G', 

A{u}){a,b) = u{ab), a,b & G, ce G C', 
and involution given by duality with the involution of C, 

u:*{a) := u:{a*), a & G, ce G C'. 

Notiee that duality for the involution differs from the ease of a ordinary Hopf *-algebra (whieh 
is defined via duality with a —>■ S{a*).) The eounit e : C' —>■ C and antipode S' : C' —C' are 
defined as usual by 

e{uj)=uj{I), S{oj)=ujoS. 

6.9. Theorem C' is isomorphic, as a* -algebra, to the direct product of full matrix algebras 

e' ~ JJ Mn^ (C), nx = dim{Vx). 

The coproduct A is a homomorphism satisfying again A(c(;*) = A°^(a;)*. 

Counit and antipode of C' satisfy the same properties as for Uq{g). We identify the dual spaee 
of C 0 C with Ha ® in the natural way, and in this sense we understand the stated 
homomorphism property of A. Furthermore, the R matrix ean be found as an element of this 
algebra, see Seet. 1 in [|j^ . or Seet. 2.5 in [|^ . 
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7 . The UNIVERSAL ALGEBRA 2 )(V,£) 

In this section the deformation parameter is a fixed root of unity of the form q = Our 

aim is to construct non-associative bi-algebras T>(V,£) endowed with an involution, for g ^ Eg, 
playing a role similar to that of T>(V) of the generic case. 

Let V be Wenzl’s fundamental representation of 0 (1^ = 14^ © Kj in the type B case.) 
Consider the (infinite dimensional) linear space, 


'D(V,£) = Q(V^^rPn^p^V^^. 

n=0 


Notice that T) = 'D(V,£) depends not only on V but also on the root of unity. We define a 
multiplication on T> by 

a/3 := (fxp'pm+n ® Pm+ni^i^', 


for 

a = (j)(^ije v^*p^ © P^V"^, 4 = 4' © 4' e V^*Pn © PnV^. 

In this way D becomes a unital but not associative algebra, as, if we pick a third element 7 = 
cf)" © ip" e V^*Pr ®PrV^, and we take into account the relation pm+n+r ° Pm+n © Ir = Pm+n+r, 
of Lemma 5.1, we see that 


(a4)7 = {(/)(/)'(j)")p^+n+r ® Pm+n+r 'ip") 

but 

«(/^7) = ( 00 V") i-m ® Pn+r O Pm+n+r © Pm+n+r O © Pn+ripJ'i/j'pj") 

that differs from the previous one as in general pm+n+r o Im © Pn+r 7 ^ Pm+n+r- Notice however 
that the elements 

v^,v-=c^v: 

still generate D as an algebra, 

■Cl • • • £,nPn © PnPl ■ ■ ■ 'f]n = {■ ■ ■ 

We next introduce an involution in D as suggested by the generic case. Specifically, we replace 
the boundary operators (T„ by their truncated version: 

rn-.= PnanPne{V^\V^^), 


which satisfy properties similar to those of an (except associativity). 

7.1. Proposition r* = r^, rp = pn- 

Proof Lemma 5.3 gives PnCTnil - Pn)(TnPn = 0, implying = PnCTnPnC^nPn = Pn(TnPn = Pn- 
Furthermore, r* = PnCrpPn = PnfJnPn = Tn- 

We can write any element (/> E {V'^'^)*Pn uniquely in the form cj) = t/j* with ip E V—'^, 
the adjoint of ip being computed with respect to Wenzl’s inner product of V—^. We set for 

4, Pji G 

( 4 * © -ip')* ■= {Tnip')* © 


7.2. Proposition The following properties hold for the involution of D. For any a E B and 
eV*(^V, 

a) a —)■ a* is antilinear, 

b) a** = a, 

^) ^ 7 *? '^vf’ 

d) (v^^a)* = a*vl^. 
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Proof a) is obvious, b) is a consequence of involutivity of r„, and c) of Ti = 1. We show d) for 

a = (p* ®ip ^ ® PnV®'^- We have 

a*vl^ = ® T-n V)(^* ®0 = 

[p)*p* O T~^ (8)1^0 0 O T~^ 0 1^0 0^] = 

[{pi))* o a{v, O T~^ 0 ly O 0 O T~^ 0 ly O 0^]. 

Notice that ly 0 o (1 — pn+i) o a{V, V^"-)~^ o 0 ly o = 0 by the following lemma. 
Hence we can insert the projection p^+i after (pi/))* in the above computation, use once again 
Lemma 5.3 and the iterative definition of to conclude that 

a*vl^^ = {pi))* O T~l^ 0 \pn+l O T~^ 0 ly O 0^]. 

Similar arguments show that {v^^r^o)* yields the same expression. 

7.3. Lemma Assume g ^ Eg, and let T E y^n'^ 5 g ^ negligible arrow of the tilting 

category Then 

PnOTo ly 0p^_l = 0. 


Proof Set Y = p„oToly 0 p„_i. We take into account the basic property of Wenzl’s fundamental 
representation V for g ^ Eg recalled in Theorem 4.4 a) according to which for any A E A^, 
V 0 Va is completely reducible (in a way that, although with same multiplicities, may differ 
from the decomposition of Vx 0 V) and the dominant weights p, of the irreducible components 
(A all lie in A^. Thus the space of such a component with p E must be in the kernel of Y 
by Lemma 5.3. On the other hand, if p E A( \ then YV^ = {0} as otherwise it would be an 
irreducible submodule of PnV®'^ of weight p. 

We introduce a coproduct 

A : 2) ^ 2)0 2) 

in a way similar to the generic case, i.e. by means of a pair pr E PnV'^, p'^ E {V'^)*pn — {pnV'^)* 
of dual bases: 

A(0 0 0) = (0 0 ?7r) 0 (r/"' 0 0), (t)®i) E {PnVy 0 {PnVy, 

again independent on the choice of the basis. 

7.4. Theorem The coproduct is A unital, coassociative, and satisfies for a,b E T), 

a) A(a0 = A°P{a)*, 

b) A{ab) = A{a)A{b). 

Proof a) For a = i)* ® i)' E {pnVy* 0 {pnVy, let 0^ be an orthonormal basis of PnV"' with 
respect to the Wenzl’s inner product, and consider the dual basis := 0*. We compute A (a*) 
with respect to the dual pair T~^i)r, (r„0r)*, 

A(a*) = A((rn0')* 0 = '^{{rni)')* 0 0 {{rnA)* 0 r^V) = 

r 

^( 0 ; 0 0 ')* 0 (0* 0 i)rT = A'’P(a)*. 

r 

b) Let ps be an orthonormal basis of PmV'^ and b = ^* ® p E {pmV^)* 0 {PmV^)- We have 

A(a)A(6) = 

CPn+m 0 Pn+m0r^7s) 0 {y*rP*sPn+m 0 Pn+m^'p)- 

r,s 

We explicit the middle term 

Pn+mi^rPs 0 ^IPlPn+m = Cfe 0 

r,s h 
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using an orthonormal basis (h of where 

:= iCh:Pn+miJrVs)iJrV*sPn+m- 


We adopt the same notation as before to distinguish between a tensor product of inner products 
(C, C')p and Wenzl’s inner product {(, (') on the subspace {pnV"^) 0 PmV^ of We have, 

(C ) ^ ^j iPn+m'4^rPs-i Ch)ipPrPsPn+rri) ^^{Pn+m'4^rVs-: Ch}Pn+mR '^rVs 


rVs: Ch}Pn+mR '^rVs ^ ^ Pn+mR i^^rVsi RChjp^rP 


r,s 


TyS 


- P --1 


Pn+mR ^ oPn® Pm O RCh = Pn+m£ ^ O Pm ® Pn ^ £ O Pn+mCh = Ch, 

by Lemma 5.3, where 

e = e{pnV^,PmV^). 

This shows that 


A(a) A(6) = ^ 'lp*CPn+m 0 C/I ® C ® Pn+mi^'v = A(a6). 
h 


7.5. Proposition The linear map e : e D(V,£) ^ C is a counit for the coproduct 

A making 2)(L, i) into a coalgebra. It is compatible with the involution, e{a*) = e{a). 

Proof The former statement is easy to check. The latter follows from Prop. 7.1. 

7.6. Remark It is important to notice that, unlike the generic case, e is not multiplicative on 
!D(L, f), as a consequence of 7 ^ 1 in general. 


8. The quantum groupoid e(G, i ) and a corresponding associative filtration 

In analogy to the generic case, we follow a Tannakian reconstruction from the quotient cate¬ 
gory Ti for which D = 2 )(V, f) plays the role of a universal algebra and we obtain a quantum 
groupoid C(G, £). The new main difference with the generic case (beyond associativity failure 
of T){V, £)) is the fact that the ideal of D defining C(G, £) is only a right ideal. Correspondingly, 
C(G, f) is naturally only a *-coalgebra, and new effort is needed to construct an algebra structure 
in C(G, f) compatible with the coproduct, which we consider in the next sections. 

Specifically, in this section we define C(G, f) and establish the main properties. We then 
introduce an associated non-trivial, possibly nilpotent, but associative structure, described by a 
finite sequence of *-coalgebras, which we regard as a generalised algebra filtration. We shall 
eventually be able to give positive answers to the above questions for C(G', £) in the type A case 
by analysing this filtration. 

a) The coalgebra G(G, £) 

We introduce identifications in T> arising from arrows of Tg as follows. Consider the linear span 
5 of D of elements of the form 

[0, A, Ip] := (p* 0 Alp — (p*oA®ip, 

where A G V—'^) and set 

G{G,£) = T){V,£)/2. 

We start summarising the structure that C inherits from D. 

8.1. Proposition Q{G,£) is a finite dimensional, coassociative, counital coalgebra with involu¬ 
tion. More precisely, 

a) 3 is a right ideal, 

b) C is finite dimensional and linearly spanned by class tensors ^ = [cp* ® ^p], (p, ^p e V\, 
A G Ai, 
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c) 3 is a coideal annihilated by e, 

d) 3 is *-invariant, hence the involution of D factors through G and satisfies 


A(a*) = A°^(a)*, e(a*) = e(a), a G C, 




= V. 


xl),4,- 


Proof a) follows from Lemma 5.1. Specifically, for 

x = (j)^Aoilj — (j)oA®iljG3 


and any simple tensor 

C-.= i®h^{v^TPh®PhV\ 

we have 

XC = (t)iPn+h ® Pn+hW)P - {(t)A)^p^+h ® Pm+hi^P = 

(p^Pn+h ® Pn+h O ^ - (00^ ® ° Pm+h O Pm+hi^P = 

(p^Pn+h ® (A0l)pm+/i0?7 - (t)f^Pn+h{A®l) 0 Pm+h'PP € 3- 

To show b) we may argue as in the generic case but now with a choice of isometries Si E 
iVx^,V^'^), with Aj E Ai, in the C*-category satisfying = Pn- The remaining 

statements can be proved in analogy with the generic case, taking into account the results of the 
previous section. 


b) The filtration Gk 


We filter T) by the size of tensor products. Set 

T^k = Q{V®'^yPn®PnV^'^. 

n<k 


8.2. Proposition 

a) Dfc is a filtration of D, i.e. it is an increasing sequence of subspaces satisfying 

OO 

T>q = C, T)hS>k C D/i+fc, = T>. 

k=0 

b) Dfc are *-invariant subcoalgebras: {Vk)* = T>k, A(2)fc) C T>k® 

Set 

afc :=l.s.{[0,A0], Ale EV^^,(PEV^^,m,n<k} 

and notice that 3k 3 and 3k C 3k+i- Set Gk = T>kl3k- Hence there are obvious maps 
Cfc Cfc+i, and Gk —)■ C. 

8.3. Lemma 3 AT)k = 3k- Furthermore, 3k+i H = 3k- 

Proof It suffices to show the first relation. The inclusion 3k C a H is obvious. Let now 
X E 3 ADk he written as a finite sum of the spanning set of 3- We can assume that the indices 
m, n appearing in it satisfy min{m, n} < k. After subtracting to X some element of 3k, we may 
assume that X takes the form 

X = ^^(0 0 Ao'^ — 00^0 0) + f^G)A'op — A'G)p 

where A E {y—'^,V—y, A' E {y—^,V—^), n,q < k, m,r > k. We reduce m and r as 
follows. Consider isometries S E (14, C—™), where for simplicity we have dropped indices to 
S and A, which have pairwise orthogonal ranges which sum up to Pm, and similarly consider 
T e ( 14 , Notice that the indices of the domains of S and T satisfy the required bounds. 
We write the first sum in X as 

y^(0 0 [44] o [4*0] — 0 o [A4] 0 [4*0]) + ^(0 o [44] 0 [4*0] — 04 0 0) 
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and similarly for the second sum. The first sum above now lies in the span of the claimed 
spanning set, hence we are left to show that the remaining part, now written as 

F = Y,i[M]S 0 S*ij - 0yl 0 ® -^T(^ T*[A'7]]) 

vanishes. ButF and the domain of A and the range of A' have large indices, hence 

the sum of the terms in second and third position must vanish. We are thus reduced to show the 
general statement that given elements 0^ and of a Hilbert space H and operators Yi : Ki ^ H, 
on another Hilbert spaces Ki such that ^. 0* 0 = 0 then ^^ (j)*Yi 0 = 0, and this can 

now be checked by means of orthonormal base decomposition of (pi, ijji. 

8.4. Proposition The natural maps Qk ^k+i faithful and form a Unite increasing sequence 
of inclusions of *-invariant subcoalgebras 

C = Co c Cl c 62 c ■ ■ ■ c Cm = e 

stabilizing to G. 

Proof The natural maps 6 ^ —)■ 6^+1 > G^ ^ G are faithful, by the previous lemma. On the other 
hand, there is an integer m such that every irreducible Vx with A G is contained in F®” for 
some n < m, hence 6 ^ must stabilize to = C for k > m. 

We next pass from Gk to a quotient 6 ^ and from inclusions 6 ^ Gk+i to (possibly non¬ 
faithful) linear maps Gk —)■ Cfc+i- The advantage will be existence of natural, even associative, 
multiplication maps C/i 0 —)■ Gh+k- 

More precisely, we observe that associativity failure of T) can be described in terms of certain 
negligible intertwiners Z of the tilting category, as follows. 

8.5. Lemma For any triple a = cp ® ip, (3 = cp' ® ip', y = (p” ® ip" of elements of D, of grades 
m, n, r respectively, 

{a/3)y - a{/3y) = 

{(p(p'(p")p,n+n+r O Z{lp1p'lp") + {(p(p'(p") O Z* ^ p^+n+rii^Pn+rUj'-ip'')), 

where 

^ Pm+n+r ° f-m ® (In+r Pn+r)- 


Consider the following spaces of negligible arrows of the tilting category, 

:= [Pq+j+r o Ip-? 0 (1 - Pj) 0 lyr; g + j + r < /c} 

and then define 

:= l.s.{3fc, (p<Z)Zoip'^ (p'o {Z'Y Ziip}, 

where Z, Z' vary in Ip, <p in the canonical truncated tensor powers of V, but ip' and (p' 
belong to the full tensor powers. 

8.6. Proposition We have that TijSk, Sk'Dj C 3j+k- 

Proof Arguments similar to those of Prop. 8.1a), but keeping track of the grades of homogeneous 
elements, show that Sk'^j Y 3j+k, and hence Sk^^j is a subspace of 3j+k- Similar considerations 
hold for products y( with y G 3k of the form y = (p® Zip' or y = (p o Z* ® ip and C ■= ^ p E 
{yY*ph ® PhV^„ h < j , noticing that in the first case for example 

yC, = (piPn+h ® Pn+h oZ ®lvh (ip'p) 

and that the map Z — )■ Pn+h o Z ® Ih for Z = pr o ® (1 — p^) ® It, r = u + s + t < k, takes 
to The left ideal property is more delicate to check, due to lack of associativity of 

the projections In order to check that (py G 3j+k we compute 

Cy = p(pPh+n®Ph+n O 1/1 0 Z{pip'). 
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Write Ph+n o l/i 0 Z in the form 

Ph+n olh® Z = Zi - Z 2 O Ih+q 0(1- Pj) 0 Ir 

with Zi = Ph+n o Ifc+q 0 (1 - Pj) 0 Ir, ^2 = Ph+n o 1,, 0 (1 - p^) and notke that Zi both 
lie in and this implies (y G 3 j+k- We are left to show that (x G 3 j+k, for all ( G Dj 

as above and x = (p^Aoip — (f)oA®il) G 3 k- We elaim that it suffiees to the take j = 
1 and C = with := ^ ® p G V* Zi V. Indeed, we have already notieed that finite 
produets (... ((%,r?i%,» 72 )^$ 3 ,r; 3 ) • • • ’^ihXh)': {V^YPh ® PhV^, and multiplieation of 

D is assoeiative up to summing elements of 3 j+k, by Lemma 8.5. We thus eompute 

= C0Pl+n 0 \pi+n olyZ) A^p^:)] - [(^0) O ly 0 A O 0 Pi+mPY = 

iYPl+n ® {l®A){pi+^p^) - (^0Pi+„)(l0A) 0pi+^?7^/> + 

iYpi+n ® yi{pY) - (^0)l2 «) Pl+mPY 

where 

Fl = Pl+n O ly 0 Ao (1 -pi+m), Y 2 = (1 -Pl+n) O ly 0 A O p^^^. 

Henee G 3 k+i, provided we show that the last two terms in the sum vanish, or, equivalently, 
that Yi o ly 0p,„ = 0 = ly 0p„oF2, but this follows from Lemma 7 . 3 , and the proof is eomplete. 

8.7. Proposition Each subspace 3 k is *-mvariant. 

Proof As already notieed in the proof of Prop. 8 . 1 , the proof of *-invarianee of 3 k is similar to 
that of the generie ease. For Z G fl (V^, Y ^ Y ^ PnV"', 

(^*0 00)* = (r„00)*0rkV = 

[{TnZ(j))* 0 rkV - {'TnZY)*r~^ Z)Y] + Y* ° Z* <Z)Y 

whieh thus lies in 3 k- One ean similarly show that {{ip o Z')* 0 0 )* G as well for Z' G {Z^^Y* 
and thus eonelude that 3 k is ^-invariant. 

8.8. Proposition We have that A{ 3 k) C 3 k Zi Dk + Zi 3 k- 

Proof This ean be proved similarly to Prop. 6 . 5 , keeping traek of the grades of homogeneous 
elements. 

We set Cfc := T>k/ 3 k for A; G N. The eomposition of the natural linear inelusion T)h —)■ 
k > h, with projeetion —)■ faetors through a linear map 

Ch —^ Cfc 

and this is an induetive system. We have natural quotient maps 

Cfc —^ Cfc 

and we denote by G the image of the matrix eoeffieient pF g eorresponding to an 
orthonormal basis of Vx- Let denote the set of A G for whieh Vx is a summand of some 
V—'^ with n < k. In analogy with the properties of Prop. 8 .1 for C, we also summarise the results 
of the last two seetions for C^, whieh now take a stronger form. 

8.9. Theorem Assume that g Y" Es and let V be WenzVs fundamental representation of g 

<y = © 1^2 in the type D case). Then 

a) Qk is a *-coalgebra linearly spanned by elements e^j labelling matrix units corresponding 
to Vx, for A G Af, 
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b) coproduct and involution satisfy 



r 



in particular the involution is anticomultiplicative, 
c) there are associative multiplication maps C/^ < 8 ) —>■ Qh+k ^nd an element / G Co 

acting as the identity. The involution is antimultiplicative and the coproduct is unital and 
multiplicative. 

9. QUASI-COASSOCIATIVE DUAL C'*-QUANTUM GROUPOIDS Q{G,i) 

The aim of the present and the next seetion is to show the main result of the paper, stating 

that if G = SU(A^) then the dual groupoid C(G, i) ean be made into a G*-quantum groupoid, 
satisfying the axioms of a weak quasi-Hopf G*-algebra in the sense of ff29l . Furthermore the 
representation eategory Repy(C) of C generated by the fundamental representation turns out to 
be a tensor G*-eategory equivalent to the original fusion eategory Ti. 

We shall divide the proof in two parts. Throughout this seetion g is general (but ^ E^) and we 
assume to know that C(G, 1) is eosemisimple with respect to the coalgebra structure introduced 

in Sect. 8 . We then show that the above conclusions hold for C(G, 1). More precisely, in Subsect, 
a) we upgrade C(G, 1) to a non-associative bi-algebra with antipode associated to a fixed section 

of the quotient map D(V, f) C(G, f), while in b) we pass to the dual groupoid C(G, f), in c) we 
construct the Drinfeld’s associator of C(G, f) and discuss the main properties, in d) we explicit 
quasi-invertible R matrices for C(G, 1), in e) we briefly discuss the relation between the groupoid 
structures associated to different sections, and finally in f) we show that Repy (C) is a tensor C*- 
category equivalent to the fusion category 3^. In the next section we verify cosemisimplicity in 
the type A case. 

a) Algebra structure and antipode in C(G, f) 

Let Vx be a copy of an irreducible representation of ( 4 ( 0 ) with highest weight A G and 

contained in some V—'^, and let Mx denote the image of 0 14 in C under the quotient map 

D —)■ C, which we already know to be subcoalgebras independent of the choice of 14 and 
spanning C. We shall say that C(G, £) is eosemisimple if the subcoalgebras Mx are independent 
matrix coalgebras in C as A varies in Ai, always understood of full dimension dim(14)^. 

If we know that G{G,i) is eosemisimple, we can endow it both with an invertible antipode 
and with a non-associative algebra structure. Let’s start with the antipode, which we introduce 
in a way similar to the generic case. Fix a complete set I 4 , A G of irreducibles contained in 

the various and set, for 0* 0 4 ^ ® and A G Ae, 




still independent of the choice of 14- It satisfies the relations 



4(a4 = 4(a)4 = 




Ao4 = 40 4oA°P. 


where K = K_2p. 

As regards the algebra structure, we pull back the product of Ti(y,£) via the choice of a 
section s : G{G,£) —)■ D{V,£) of the quotient map X)(l/,£) —)■ G{G,£). Correspondingly, we 
have a choice of irreducibles 14 and s takes ^ to 0 * 0 ip, for (p,ip & 14- We thus set 
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We always choose Vq = C, and = V for the trivial and fundamental representation, respec¬ 
tively. In this way, denoting as before by the coefficients of V, products of the form 
encode fusion decomposition of the quotient category J'i. However, the section is not unique, 
and the product of C(G, i) does depend on s (but cf. Subsect, e).) 

9.1. Proposition The product makes G{G,i) into a (non-associative) unital algebra and the 
coproduct of C(G, i) is a unital homomorphism, and furthermore the following relation holds, 

mol(g)S'oA = e = moS'(8)loA. (9-1) 

Proof The first statement follows from Prop. 7.4 b). The left hand side of (9.1) can be proved 
with computations similar those in the proof of Prop. 6.8, with the only variation that now 
m o 1 (g) S' o A{v^^) = CUfj-V)* ° Ph+m <8 Ph+m ° f (Ic)- It suffices to notice that r always lies in 
the range of the Wenzl projection Ph+n, where h and n correspond to the powers of V containing 
Vx and Vj, respectively. More details on this argument can be found in the proof of the following 
Lemma 10.4. 

Hence G{G,i) satisfies all the axioms of a Hopf algebra except associativity of the product 
and multiplicativity of the counit. The antipode is not antimultiplicative. 

b) The dual quantum groupoid G{G, €) 

We next study the algebra structure associated to a fixed section s : C(G, f) —)■ T){V, f). Notice 
that, as an algebra, G{G,f) is quite far from admitting an interpretation as a non commutative 
space, as compared, e.g., to the compact quantum groups of Woronowicz, in that it may lack 
some important properties, e.g. antimultiplicativity of the involution, or a C*-norm, not to men¬ 
tion associativity. It is far more rewarding to pass to the dual G{G,f), and correspondingly 

consider its ^-representations. In this subsection we show that C(G, 1) satisfies most properties 
of the weak quasi-Hopf C*-algebras of ll29l . 

We identify elements of tensor power algebras C®" with functionals on C®”. We shall need 
various elements of these algebras, and we start with P e C®^, defined as follows 

vl^) = (0 ( 8 ) Ph+ki^ < 8 ) p)p,2, 

where h, k are such that Vx, are summands of V—^, V—^, respectively. Notice that these 
integers are specified by the section. Furthermore, the forms defining P is understood with 
respect to the product form of V—^ ® V—^, each factor in turn endowed with Kirillov-Wenzl 
inner product. 

9.2. Theorem Endowed with dual bi-algebra structure, antipode and involution, C = G{G, i) is 
isomorphic, as a *-algebra, to 

e~ 0£(i4), 

xeAi 

hence it is a G*-algebra. Furthermore, (C, A, e, S) satisfies all the axioms of a Hopf algebra 
except coassociativity and unitality of A. In particular, the following compatibility properties 
hold, foruj, T e G, 

A(/) = P, A(a;r) = A(a;)A(r), (9.2) 

e{ujT) = e{uj)e{T), (9-3) 

S{ut) = S{t)S{u), S{u*) = S{uy, (9.4) 

Proof The first or second property stated in (9.?) shall be referred to as (9.i)i or ( 9 . 7)2 respec¬ 
tively. We show ( 9 . 2 ) 1 . By duality, the identity J of C is the counit e of C, and A(/) is the 
two-variable functional given by 

= e{vl^^viy = e{[(l)*CPh+k®Ph+kyp\) = 
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(j)*CPh+kiPh+kiJV) = 

The remaining properties follow from duality and corresponding properties of C(G, i). More pre¬ 
cisely, the associative algebra structure and the non-coassociative but counital coalgebra structure 
of C obviously follow from the coassociative coalgebra and non-associative algebra structure in 
C, respectively. Antimultiplicativity of the involution of C follows from anticomultiplicativity of 
that of C. The antipode axioms mo S <^lo A = 1 = mol0S'oA, ( 9 . 2 ) 2 , and (9.4)2 are selfdual 
and already shown in 6; (9.3) 1 and (9.4) 1 correspond respectively to unitality of the coproduct 
and anticomultiplicativity of the antipode in C (Prop. 9.1; Sect. 9a). Property ( 9 . 8)2 is obvious. 

The following Prop. 9.9 explicits a compatibility relation between A and *-involution in terms 
of the i?-matrix. For completeness we remark that it may be S' ® S' o A 7 ^ A°p o S in C(G, i), 
as this corresponds to antimultiplicativity failure of the antipode of C(G, i). However, this fact 

plays no role in the representation theory of C(G, i). 
c) Drinfeld’s associator 


For a given weight A G A^, let h\ denote the truncated powers of V containing Vx, as prescribed 
by the choice of a section s. It will be useful for later computations to have a multiplication 
rule for elements of C®” of the following form. Let T = (Tjj) be a sequence of linear maps 
Tn : —)■ and associate the element ojt of C®” defined by 

= (01 <» • • • ® 4>n,Th^^+-+h>^yi • • • <8 0n)p,n, 

where the form is a tensor product form with n factors. The following lemma is a convenient 
formulation of the generalisation to tensor powers of the direct sum decomposition of the algebra 
C into its simple components. 

9.3. Lemma Given S = (S'n) and T = (T„) as above, setu = ujsojt- Then 


= (01 • • • 0n, Sh^^+...+h^^ 0 . . o 


The following elements $, 4/ G are important examples. Set 

Qhx,h^,hv ~ ^ ^ ® O Phx+h^ ° 1/iA ® 

-y^i 

where G (Ly, are isometries of the fusion category satisfying = 

Ph^+K- Observe that qhx,h^,K does not depend on the choice of the isometries. We set 

= (0 ® ® X, qhx,K,K ° Phx+h^+hA 0^0 Op, 3 , 

= (0 ^ ® X, Phx+h^+K ° Qhx,h^,Ki^ Op,3- 

The lemma then shows that $, 4/ are idempotent but not selfadjoint elements of the correspond¬ 
ing tensor power *-algebra. The meaning of these elements and computation of the adjoints will 
soon be apparent. 

9.4. Theorem The idempotents $, 4/ satisfy the following relations, 

= A 0 1 o A(J), $4'= 1 0 A o A(/), (9.5) 


\l/$4/ = 4/, 

<|)4/4> = $ 

(9.6) 

4>A 0 1 0 A(a;) 

= 1 0 A 0 A(a;)4>, 

(9.7) 

4/1 0 A 0 A(a;) 

= A 0 1 0 A(a;)4/. 

(9.8) 
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Proof To show (9.7) and (9.8) we pass to the predual C, and the corresponding properties, which, 
in Sweedler notation, respectively read as 

<h(ai, bi, Ci){a 2 b 2 )c 2 = ai(6iCi)<l>(a2, 62, C2), ( 9 . 9 ) 

'h(ai, &i, Ci)a2(62C2) = (ai6i)ci^(a2, 62, C2), ( 9 . 10 ) 

for a,b, c e G. Set a = b = c = We write, 

and look for a solution T of (9.9). Consider orthonormal bases ipr, rjg, (t of the appropriate 
truncated tensor powers of V. The left hand side becomes 

i(|>^X:T^/JrVsCt)pA^rVKtP3 ® PS^^C], 

where we have written for But 

{.(t>iX,T'lljrPsCt)p,^i^*rV*sQ = {.{'^rVsCuT^(t)ix)p.^'^rVsCty = 

{pi O p'l ® p'i o T+0^x)^ = <f>*Cx* o T O Pi 0 p) 0 Pi 
where pi = ph^, p'l = Ph^, p'i = Ph^ and + is the adjoint operator with respect to the triple 
product form. Notice that on each factor we are using Kirillov-Wenzl inner product, hence pi, 
p'l, p'l' are selfadjoint. Thus the left hand side of (9.9) is the class of 

{<l>*Cx* °T oPi 0 p'l 0 p'l' oP 3 ) 0 p-i'ippC,. (9.11) 

On the other hand, 6 iCi = X 17 jCx* ° 0 S*^p]sCt], hence the the right hand side gives 

(0*rx* O 1 O o Phy^+h^) ® {p>h,^+h^ O 1 O S* i'lprVsCt){AVsCt,T'lppC)p^3 = 

{(i)*Cx* o 1 o O Ph^+h^) O (p/ 17+0 o 1 0 S'*. O Pi 0 p'l 0 p'l' O TippQ. (9.12) 

Hence (9.11) and (9.12) coincide forT = qhx,h^,K°Phx+h^+K thanks to Lemma 5.3. Inasimilar 
way, (9.10) leads to the equation 

(0*rx* o T' O Pi 0 p'l 0 p'l' O 1 0 S' 7 ,i o Ph^+h^) O {Phy^+h^ o 1 O S*pl)pC,) = 

(t)*Cx* o P3 ® (P3 o Pi 0 p'l 0 p'l' o t'^/>pC), 

which is solved for T' = ph^^+h^+K ° qhx,h^,K- The previous lemma shows that and are 
the functionals induced respectively by 

P 3 o g o Pi 0 p'l 0 p'l' o g o p 3 = p 3 , 

g o p 3 o Pi 0 p'l 0 p'l' o p 3 o g = g o p 3 o g, 

and it is easy to check that these coincide with the right hand sides of (9.5). One similarly shows 
(9.6). 

9.5. Theorem The element $ G is a counital 3-cocycle: 

10 10 A($)A 0 10 1($) = / 0 <I>1 0 A 0 1(<I>)<I> 0 I, (9.13) 

£010 1($) = 1 0 £ 0 1($) = 1 0 1 0 £($) = P. 


Proof We compute the elements Ti, T 2 , T 3 e corresponding to A 010 !($), 10 A 0 !($), 
and 1 0 1 0 A(<h). We first write 

with e ForTi we need to replace the first variable by a product in C. 

Explicitly, for S'o-g G (14,1^^*^^^+^^^), 

A0l0l($)(i^0,V”</3’^?,»?’^x,<) = = 

(j)*a*Cx*iSa,j O o 1ft. ® o ph,+h^ o 0 o o S* j 0 Ih^+h.i^lSpC)- 
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Taking into account Lemma 5.1 a), 

^ ^ Phx-\-h'r-\-h^ ^ ^hx-\-hr ^ ^ Phx-\-hT-\-hfi-\-hj^' 

One also finds 

T 2 = Ihx ^ ® Ifc. O *^7',*] °Phx+hy O 1/lA ® S*,y O l;,^ 0 S*, j, 0 1/,^, 

where S'yy e {Vy, l/®(V+^ 0 ), e (K', and 

^3 = l/lA+/lT ® ^cr",j" O l/lA ® Sy/yt o O 0 Syiyi O O l/i^+/i^ 0 

withS'y/y/ e (Ly/, G (l^//, Verificationof the cocycle Condition 

(9.13) involves rather long formulas. We shall thus ease notation dropping most indices and 
writing for example p 2 for expressions of the form Phr+h^- 

We compare the matrices corresponding to both sides of (9.13) taking into account Lemma 
9.3, Lemma 5.3 and Lemma 5.1 a) again. For the left hand side we have 

Ts o Pi <8) Pi <8) Pi <8) Pi o Ti = T3T1 = 

1 0 1 0 Sa" O 1 0 Syr o P 2 O 1 0 *S'y, O ^3 O 1 0 1 0 S*„ ol0l0 5 '.yOp 3 ol 0 l 0 S'*Op 4 = 
1 0 1 0 Sa" O 1 0 Sy O p2 O 1 ® *5'*,, O 1 0 1 0 S'*,, O p4, 

while the right hand side gives, if T is the matrix defining <l>, 

(/ 0 T) o pf 4 0 T 20 pf 4 o (T 0 /) = 

l 0 l 0 S'.yOl 0 p 2 Ol 0 l 0 S'*ol 0 p 3 O pf"^ o 1 0 (S'c,/ 0 1 O S'y) o P 2 O 
1 <8) S'*, O P 3 o 1 0 S'*, 0 1 O pf o 1 0 Sy/f 0 lop 2 0lol0 S'*,,, 0 1 o P 3 0 1 = 
l 0 l 0 S'.yOl 0 p 2 ol 0 l 0 S'*ol 0 (S'^, 0 1 o S'y) O P 2 O 
1 < 8 ) S'y o [P 3 O (P 2 O 1 0 S'*, o P 3 ) 0 1 ] O 1 0 1 0 1 0 P 4 = 

in the last equality we have deleted the extra idempotents 1 0 P 3 , the first pf altogether, and the 
first three factors pf ^ of the second copy of the same idempotent, and moved the fourth to the far 
right. This has also allowed to use S'*, o Sy// = 5a',y". Next write the term in square brackets as 
(p2 o 1 0 S'*, o P3) 0 1 o p4 and after elimination of p2 and p3, the above term becomes 

1 0 1 0 S'.^ o 1 0 (p2 o 1 0 S'* o S'o-/ 0 1 o S'y) o P20 
1 < 8 ) S'y o 1 0 S'*, 0 1 o P4 O 1 0 1 0 1 0 P4 = 

1 0 1 0 S'.^ o 1 0 S'y O P 2 O 1 0 S'y* ol0l0S'*Op4Ol0l0l0p4 
where S'y = p2 o 1 0 S'* o S'^-/ 0 1 o Sy is another orthonormal system of isometries. Hence the 
two matrices induce the same functional. 

9.6. Remarks a) Notice that not only the associators <l>, 'k are quasi-invertible elements of 
a rather special kind, in that they are idempotent, but also there is a simple relation between 
iterated coproducts associated so 

:= a 0 l„_i o ■ ■ ■ o A 0 1 o A 

and arbitrary iterated coproducts A*^”) of order n, i.e. coproducts that can be obtained as compo¬ 
sitions C —)■ 6 0 C —■ ■ ■ —6®"^+^ where the connecting maps —)■ can be an arbitrary 

translates 1,, 0 A 0 Ij-r-i of A. Set = A|”j^(/), hence in particular Pi = P, P 2 = Then 

a |; 0 ) = p„A<'">y)p„ 

for all possible choices of A*^”\ This relation can be derived with computations similar to those 
appearing in the proof of Theorem 9.4, and also in the following Prop. 9.7. b) In a similar way, 
the associators are explicitly related to non-unitality ofAby<l> = l0Ao A(/)A 0 1 o A(/), 
and similarly for \h. 


d) R-matrices 
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We may introduce quasi-invertible /^-matrices di, e 6 0 C appealing to the braided symmetry 
of the quotient category More precisely, set 

vl^) = ( 00 ^, j:k,hPk+h^h,kRph+kiJ v)p, 2 , 

^,Pk+hR~^^k,hPk+h^h,k'4’ ® v)p,2, 

with S/j 0 1 /®^ —)■ 1 ^®^ 0 1 ^®^ the transposition operator. 

9.7. Proposition The following relations hold, 

JIA(I) = Jl = A‘’P(I)Ti, JliA‘’P(I) = = A(/)3^i (9.14) 

diA(a;)dii = A°P(a;), JIiA‘’p(u;)JI = A(u;), (9.15) 

where A°p Is the opposite coproduct ofQ{G, £). 

Proof We check (9.15)i. Let T = (T„) and T' = [T^) define functionals ut, oJt' on C 0 C. Then 
a relation utA{t)ut' = A°P(r), for all r G C is equivalent to ^^(ai, &i)a 2 & 2 i^T'(a 3 , h) = ba 
for all a,beQ. For a = b = this relation reads 

(0*^* oT op^<^ Pi, O Ph^i,) 0 {pi^^i, opi^®pi,o T'^pp) = C<t>* o Pk+h o Pk+hT^P- 

as class elements of C. For T = 'Lk,hPk+h'^h,kRph+k, T' = pk+hR~^'^k,hPk+h'^h,k the left hand 
side becomes 

{C(t)*Pk+h'^h,kRph+k) ® {ph+k{^h,kR)~^Pk+hPp^)- 
But pk+h^h,kRph+k and ph+ki^h,kR)~^Pk+h are braiding arrows and inverses of one another in 
the quotient category, hence they cancel out. 

We next briefly discuss a relation between the original quantum group Uq{Q) and Q{G,i). 
There is a natural map 

^ • Ugio) C(G, i) 

taking an element a G Uq{Q) to the functional 

7P(a)(n0,^) = (0,a^), ^ ^a, A G A^ (9.16) 

9.8. Proposition vr is a surjective homomorphism of *-algebras satisfying 

Ptt 0 7 r(A(a)) = A( 7 r(a)) = TT 0 7 r(A(a))P, a G Pq( 0 ). (9-17) 

Proof The map vr corresponds to ©AeA^Kx under the identification 6 ~ ©AGA^'f^(hA), and this 
shows the homomorphism property. Surjectivity is a consequence of irreducibility of the 14- 
The last statement is a straightforward computation. 

We use the above link to resume a compatibility relation between coproduct and adjoint of 6 . 

9.9. Proposition We have 

A(a;)* = TT 0 7r(P)A(a;*)7r 0 7r(P)“^, a; G C. (9.18) 

Proof We first show the relation for u = f. Recalling that A(J) = P, we have 

^*(<0 = PHyY, {vlqY) = 

= i'^V,Ph+k(P0p,2 = 

{Ph+k(pC,pJV)p,2 = {(p^,Rph+kR V0p,2 = 

TT 0 7r(P)P7r 0 7r(P)-^(n^,^, vl^). 
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Taking into account the relations A°P(a) = RA{a)R ^ and A(a)* = A°P(a*) in Uq{Q) for 
a G Uq{g), it follows that 

A(7r(a))* = (vr 0 7r(A(a))P)* = 

TT 0 7r(P)P7r 0 7r(-R)“V 0 7r(PA(a*)-R ^) = 
vr 0 7r(P)A(7r(a*))7r 0 7r(P)“^. 


e) Comparing the groupoids associated to different sections 

Let s : C(G, t) —)■ D(V, tj and s' : C(G, f) —)■ I>(V, tj be different seetions of the quotient map 

Ti{Vff) —)■ C(G,£). Correspondingly, we upgrade the algebra Q{Gff) to quasi-eoassoeiative 
quantum groupoids in two different ways, 

(A, 3^, Oil) and (A', 3?', 3^;), 

(we have notieed before that S is independent of the seetion.) We elaim that these are related by 
a twisting proeedure in the sense of Drinfeld indueed, again, by speeial quasi-invertible elements 
C 0 C. We sketeh the intertwining relation between the eoproduets, but we refrain from giving 
details for the remaining relations. 

9.10. Proposition Set P = A(/), P' = A'(/). Then force e C, 

PA'(ce)P = A(ce), P'A(ce)P' = A'(ce). 


Proof To show for example the first relation, we first write P in a different way, as follows. Let 
s and s' be defined by two ehoiees of irredueible summands Vx and both of highest weight A 
in and V—^^, respeetively. For eaeh A G there is a unitary intertwiner Ux ■ —)■ Vx, 

unique up to a sealar multiple by an element of T. We assoeiate the element P G C 0 C defined 
by 

® U^^', Ph^+h^ O Uxi)' 0 P/.V)p,2, 

for (j)', -0' G T]' G IP. On one hand we may use the defining identifieations in C(G, i) and 

write, for cf), ip ^ Vx, r/ G V^, and similarly for the seeond variable. This 

shows that F = P. On the other, we ean use the eomputations of the first part of the proof of 
Prop. 9.7 and derive the relation FA'{u)F = A{u). 

f) The tensor *-equivalence —)■ RepyQ{G, i). 

In this subseetion we show that if C(G, i) is eosemisimple then the smallest full tensor subeat- 

egory RepyC(G, i) of the representation eategory of C(G, i) eontaining the fundamental repre¬ 
sentation is a tensor C*-eategory equivalent to the fusion eategory 

There is a known way to assoeiate a tensor eategory to any weak quasi-Hopf algebra [[29l . that 
we briefly reeall for C. Let Rep(C) be the eategory of unital representations of C on f.d. veetor 
spaees. We have already notieed that P = A(J) is an idempotent of C 0 C eommuting with all 
elements in the image of A. Henee if u and v are objeets of Rep(C) then ccG G ^ u v o A{uj) 
is a representation of the same algebra on the tensor produet spaee with support the image of 
the idempotent u 0 v{P). We define the tensor produet objeet, still denoted m 0 n, to be the 
unital representation of C obtained restrieting the operators m 0 n o A(a;) to that subspaee. The 
map ^u,v,w given by the restrietion of m 0 u 0 to the spaee of (m 0 v) 0 re is an invertible 
intertwiner from (m 0 u) 0 re to m 0 (f 0 te), by Theorem 9.4, whieh, together with Theorem 
9.5, guarantees that Rep(C) beeomes a tensor eategory with these assoeiativity morphisms. We 
next eonsider the full subeategory Rep;j(C) of Rep(C) with objeets *-representations of C on 
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non-degenerate Hermitian spaces. Following a procedure similar to that of the non-semisimple 
case, if u and v are two objects of Rep;j(C) then u ® v is still a ^-homomorphism, and hence 
an object of Rep;j(C), provided we endow the corresponding vector space with the restriction 
of Wenzl’s Hermitian form induced by R. This can be seen with Prop. 9.9. Hence Rep;j(C) is 
a tensor ^-category. Now if u and v are Hilbert space *-representations then we can infer that 
u®vis still a Hilbert space representation provided u ® v{P) is a positive operator with respect 
to Wenzl’s form, and this may not always be the case. But there are sufficient objects of Rep;j(C) 
for which the positivity condition holds. Consider the map C : 6 —)■ ‘B(V) defined by 

{^,V{u)ri) =uj{[C ^V]), ueG, 

It is easy to see that this is a unital representation, and in fact a Hilbert space ^-representation. 
Let Repy(C) be the the smallest full tensor subcategory of Rep;j(C) containing V. The objects 
of Repy(C) are the trivial representation, V and representations of the form oj ^ V ® ■ ■ ■ ®V o 
(cu), n > 1, where denotes an iteration of n translates of the coproduct as in Remark 

9.6. 

9.11. Theorem Repy{Q) is a tensor C*-category. 

Proof The representation u —)■ l/(g)---0l/oA*^"^) (ta) acts on the subspace of C®” corresponding 
to the idempotent C 0 • • • < 8 ) C o A^"^^ (/). We need to show that Wenzl’s inner product of 
is positive on that subspace. We limit ourselves to computing these idempotents in the example 
A*^^) = 1 0 A o A. In Sweedler notation, A(/) = cui 0 U 2 , = cui 0 lo 2 ,i 0 u} 2 , 2 - Hence 

(010203, C 0 C 0 C O A(2) (/)0i0203)p = 

(01, V (a;i)0i)(02, V (a;2,i)02)(03, V ( 012 , 2 ) 03 ) = 
oil ([01 0 0l])o;2,l([02 O 02])oi2,2([03 0 03]) = 
o;i([0t 0 0l])o;2([0203 0 P 2 0P20203]) = 

011 ([01 0 0i])o;2([0203 O 0 S'*02030 = 
e([(0];0203 O 1 0 S'a O pi+nj 0 (Pl+n^ O 1 0 S'*010203)]) = 

(010203, 1 0 S'« O pi+„^ O 1 0 S'*0i0203)p, 

where Sa E (14^, V—^) are the isometries describing decomposition of p 2 into irreducibles with 
respect to the chosen section s, and V\^ is a summand of C®^^“, as before. Hence C 0 0 0 
0O A(2)(J) = o pi+hx^ o 1 0 S*, and this is a positive operator w.r.t. Wenzl’s inner 

product. 

We finally discuss the relation between the original (strict) fusion category 3^ and Repi/(C). 
Let X = V—^ be regarded as an object of meaning that X is the truncated (7g(g)-submodule 
of endowed with Hilbert space structure, cf. Theorem 5.4. We associate to X the map 

X:e(^)^B(X), (0,X(a;)0) =a;([0*0 0]), 

for (j), ifj E V—^, u E Q{G, tj. This formula extends the previously introduced V to all objects 
of and, as before, it is easily seen that X is a unital *-representation of C(G, f) on One 
has X = 10 0 • • • 0 0 o hence X is an object of Repy (6). 

9.12. Theorem The map X —)■ X and acting identically on arrows is a tensor *-equivalence 

8. ^ Repyie). 



34 


S. CIAMPRONE AND C. PINZARI 


Proof An arrow T G (X, X') in 3^^ is an intertwiner of the corresponding modules of Ug{g). But 
it also lies in the arrow space (X, X') of RepC(G, i), as 

(0, TX(a;)0) = (T>, X(a;)0) = a;([(TV)* ® 0]) = 

a;([0* o T 0 0]) = a;([0* 0 T0]) = (0, X'(a;)T0), 

hence £ is a functor between the stated categories, and it is easy to see that it is actually a *- 
functor. We verify that £ has full image. Routine computations show that formula (9.16) defining 

the surjection tt : Uq{Q) —)■ G{G,i) extends to all representations, in that 7r(a)([0* 0 0]) = 
(0, a0) holds for all X. Now if T G (X,X') then TX(7r(a)) = X'(7r(a))T, and expliciting 
this relation yields T as an intertwiner of the corresponding £0(0)-representations. Since it 
is obviously essentially surjective, we are left to construct a tensor structure for £ making it 
into a tensor functor. Explicitly, since is strict while Repy(C) is not, we look for natural 
isomorphisms Ex,y £ (X 0 X, X 0 F) such that 

£w,X(g)y o ly/ ® £x,y o ^w,x,y ^ ^wisiX,y o £w,x ® ly- (9.19) 

For W = X = V = we write 

£x,y = 

and we are reduced to look for a quasi-invertible Qn,r ^ satisfying the intertwining rela¬ 

tion 

0 a|;-‘'(a(c)) = a|”+’-‘V)o„,.. 

It is solved by 

Q„ = A^r "(/jAl”-” ® Al:-‘'(A(/)) 
and naturality easily follows. The tensorial structure (9.19) corresponds to 

Qm,n+rlm ® 0 0 ($) = Qm+n,rQm,n O h- (9.20) 

Computations analogous to those of Theorem 9.5 give, in the same short notation, Qny = r 
with 

Tn,r = Pn+r O 0 O O 1„ 0 S'* 

and this expression shows that Qn.r is quasi-invertible. Furthermore ($) 

corresponds to 

Sa 0 5'o-/ 0 S*^" o 1 0 S*.^ O P 2 O 1 0 S'* o P 3 O S'* 0 S'*, 0 S*„ 

and we next check validity of the desired relation (9.20). At the left hand side we obtain 

Pm+n+r ° Im O O 1^ 0 O 0 1^^^ O 1^ 0 p,^_|_,,0 

‘^Im+n 0 o 1^ 0 O 0 o S(J 0 S(j' 0 S'o-'/O 
ol^ 0 S'q o Ph,+hc o 1 0 S'* o o S'* 0 S'*, 0 S'*,, 

which equals 

Pm+n+r ° Im ® 0 S'^-" O O 1,^ 0 S^/ 0 S'^„ 

by repeated use of Femma 5.1 and Femma 5.3. The right hand side becomes 

Pm+n+r Im+n *8 S'o-" O O l^_|_jj 0 S'^,.,, O p^j^^ 0 p^O 

^ Im 0 S'ct' 0 1^ O Pm+h^i C) 1 r ® Im 05:,0X 

which in turn equals 

Pm+n+r ° Im+n ® S'o-" O O (p,^_l_jj O 1^ 0 S'o-/ O ) 0 l/i^„] O 1,^ 0 S'^, 0 S',,.,,. 

It is easy to see that the expression in the square brackets can be rewritten as 

{Pm+n ° Im ® O p^_|_;j^,) 0 l/i^„ O . 
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Substituting it in the right hand side formula and using the usual properties of projections we get 
the desired identity. 


10. Cosemisimplicity in type A case 

As already mentioned, in this section we formulate a sufficient condition for cosemisimplicity 
of G(G, £), that we next verify for G = SU(iV). Our condition appeals to the existence of a Haar 
functional on C(G, £), but more is needed. In particular, we shall use the associative filtration 
Cfc constructed in Sect. 8. We should remark that space limit has prevented us from studying 
cosemisimplicity of G(G, £) for other Lie types. A positive answer would obviously suffice to 
extend our main result to other types provided g ^ Eg. 

a) A sufficient condition for cosemisimplicity 

In this subsection G is still general. It turns out useful to tackle the cosemisimplicity problem 
at the level of the filtration C^, as this is a better behaved structure, in that it is provided with a 
multiplication. Of course, this involves the question of non-triviality of this filtration, or, more 
precisely, whether the image of Mx in 6^ under the quotient map —)■ 6^ is a matrix 
coalgebra for some k > n and sufficiently many A G A^. 

Linear independence can be easily settled. 

10.1. Proposition 

a) The subcoalgebras Mx, are linearly independent in G as A varies in A^, 

b) similarly, Mx are linearly independent in as A G A^, for all k. 

Proof We show b), the proof of a) is easier and can be done along similar lines. Let 14,n denote 
the isotypic submodule of Pn{V®'^) of type 14, with orthogonal complement Vxn- The subspaces 
^x,n ® ® and 14 % ® V\,n, fom = 0,..., /c, aTC linearly independent in Dk. Let 

II 4 denote their span. Consider the projection ^ HA with complement <8 

The main point is that is stable under Ex- This can be seen noticing that is linearly 
spanned by 0 14,n, 0 ® Af - (j)*A 0 f, with f G 14,n, and f G I4,m or 

4 G 14, and 4 G and also by 14 % 0 (14,0 ZV^^, {V^-yz* 0 I4,n^ 

(y®"-yz* 0 14 ,n- Hence if a sum T = X] of elements ^ V* 0 I 4 with /i G A^ lies in Jk 
then each Ex{T) = Tx does as well. 

Cosemisimplicity in the generic case was studied by means of the Haar functional. We look 
for a generalisation of that approach to the present setting. Notice that if one can establish that 
Mx is a matrix coalgebra in Gk then Mx is a matrix coalgebra in G{G, £) as well, by dimension 
count. We shall verify cosemisimplicity in this stronger form. 

10.2. Definition A linear functional h on Gk is said to be a Haar functional if h{I) = 1 and h 
annihilates the subcoalgebras M^ for A G A^\{0}. 

Obviously a Haar functional on Gk is unique. Furthermore, if Gk admits a Haar functional then 
so does Gh for h < k. 

Notation For a given A G A^, let deg(A) denote the smallest integer k such that A G N\, or, in 
other words, such that 14 is a summand of Furthermore, set 

m{g,£) := max{deg(A), A G AJ. 


10.3. Definition We will say that the pair (g, £) satisfies the cosemisimplicity condition if 
1) there is m > m(g, £) such that admits a Haar functional. 



36 


S. CIAMPRONE AND C. PINZARI 


2) every A G has a eonjugate A G satisfying deg(A) + deg(A) < m. 

10.4. Lemma Let A G A^ have a conjugate A G A^ such that Gh+k admits a Haar functional. 
Then is a matrix coalgebra in Gk- 

Proof Let Va be a summand of i/®”, n < k. Let r : C —)■ 0 VA be defined as in the proof of 

Theorem 6.7. The eomposed arrow r*r : C —)■ 0 Va —^ C is nonzero sinee A G A^ [l3l|471. In 

partieular, the trivial submodule defined by r is a summand of 0 VA. But (1 — ph+n)Vj 0 VA 
ean not eontain a trivial submodule, as otherwise it would be a summand, by multiplieity eount. 
Henee (1 — Ph+n) o r = 0. This shows that r G Ph+nV^’^~^^■ If a linear combination x = 
Xli j ^ ^ vanishes in Gk then h{ax) = 0 for all a G Gh, where h is a Haar functional for 

Gh+k- Now computations analogous to those of the generic case show that pij = 0. 

10.5. Theorem If (g, i) satisfies the cosemisimplicity condition 10.3 then 

a) is a matrix coalgebra in Gk for k = deg{X), 

b) Ma is a matrix coalgebra in G{G, i), for all A G A^, hence C(G, i) is cosemisimple: 

e(G,e)^^Ah. 

X€A( 

Proof The proof follows from Prop. 10.1 and Lemma 10.4. 
b) The case G = SU(A^) 

The rest of the section is dedicated to the proof of the following theorem, which concludes the 
main result of the paper. 

10.6. Theorem If g = slj\f then (g, i), satisfies the cosemisimplicity condition 10.2 for all N >2 
and i > N + 1 with m(g, i) = {N — l)(f — N) and fh := m(g, £)+£—!. 

We start fixing notation of type A^r-i root systems [|T9l . Consider with the usual euclidean 
inner product, and let ei,..., e^v be the canonical orthonormal basis. Consider the subspace 
E C of elements piCi + • • ■ + Pn^n such that pi + ■ ■ ■ + pn = 0. The Atv-i root system 
is $ = {ci — Cj, i 7 ^ j}, the simple roots are Oi = Ci — Cj+i, and the fundamental weights are 

= Cl H-h Cj — j^e, where e := ei H- I-cn and i = 1,..., — 1. The weight lattice and 

the dominant Weyl chamber of (E,^) are respectively 

A = {A = AiCi + • • ■ + AAT-ieTv-i- — -e, Aj G Z}, 

A^ = {A G A : Ai 0 A 2 ^ ^ Atv —1 ^ 0}. 

The highest root is 9 = ei — cn- Direct computations show that 

= {A G A+ : Ai < f - A^}, a; = {A G A+ ; Ai < f - AT + 1}. 

We have If = VAi, the vector representation, its weights are 

7i = li = G- ^e, i = 2,...,N. 

In the next lemmas we shall make use of the decomposition into irreducibles 

VA0'L ^ ©VA+7 ,, AgA^, 

in the category 2A of tilting modules, where the sum is extended to all i such that A + 7 * is 
dominant, (Theorem 4.4, c).) We derive two simple consequences. 

10.7. Lemma For any A G A^, the negligible submodule Nx ofV\®V is non-zero if and only if 
Xi = £ — N, and one has Nx ~ VA+t^i ■ 
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Proof The indicated submodule is isomorphic to the sum corresponding to \ + ^i e Ai\ Ai, 
which is realised if and only if i = 1 and \i = i — N. 

10.8. Lemma m{slN, i) = {N - l){i - N) . 

Proof Let A e be determined by non negative integers Ai,..., Xn-i as above, and let us 
identify A with (Ai,..., Aat-i). The dominant weight with coordinates all equal to f — lies in 
Ai, it is a summand of and this is the smallest possible power. We need to show 

that every module V\ with A G is a summand of some PnV"' with n < {N — — N). Notice 

that (1,0,..., 0),..., (Ai, 0,..., 0), (Ai, 1,0,..., 0),..., (Ai, A 2 ,..., 0),..., (Ai,..., Aat-i) is 

a sequence of Ai + A 2 +-h Aat.i dominant weights of Ae starting with ui and obtained from 

one another by adding a weight of V. The fusion rules then show that 14 is a summand of PnV"', 
where n = Ai + A 2 + ■ ■ ■ + Xn-i < {N — l){i — N). 

We next derive information on the negligible summands of including the non-canonical 
ones, for the bounded values of n. The following Lemma plays a crucial role for the Haar 
functional. 

10.9. Lemma No negligible summand ofV®'^, with n up tom = m(sl]\/, f) + f — 1 contains the 
trivial module among the successive factors of its Weyl nitrations. 

Proof A negligible summand of lA®" is isomorphic to a summand of Nn = (1 — Pn)V®"‘. Fur¬ 
thermore the inductive procedure described in Sect. 5 shows that is in turn spanned by the 
summands 

N{prV®^ r = l,...,n-l, ( 10 . 1 ) 

where N{prV®'^ $§ lA) is the canonical negligible summand of PrV®'^ ® lA, hence we are reduced 
to show the statement for these modules. 

Now on one hand N{prV®'^ ® V) is completely reducible and the dominant weights of the 
irreducible components are of the form A + cji = (f — A^ -f 1, A 2 ,..., Xn-i) by Lemma 10.7. 

On the other, the dominant weights appearing in the Weyl filtrations of (10.1) are the same as 
those appearing in the irreducible decomposition of the corresponding module at the level of the 
semisimple category Rep(g), see Prop. 3 and Remark 2 in [@3l. 

Hence we are reduced to show that the smallest integer t such that VA+wi ® fA®* contains the 
trivial module in Rep( 0 ) satisfies 

t + r + l>{N-l){i-N)+i-l. 

We compute t. For a general dominant weight p, = (/ii,..., Pn-i), the shortest path to the trivial 
module is obtained as follows. If pn-i > 0 we consider the path 

A + Xn, P + ■ ■ ■, P + Pn-i1n 

which lowers p to 

A = (Ai “ Aiv-i, • • •, Pn -2 — Pn-i, 0), 

and we have thus used Pn-i powers of lA. We need no such power if pn-i = 0. We proceed 
in the same way for the N — 2 coordinate and the new weight p', but we now need to follow a 
longer path, due to vanishing of the last coordinate, and the shortest is 

p'+ iN-i, g'+ iN-i + In, p'+‘^In-1 + In, p'+■ ■ ■ 
using 2{pn-2 — Pn-i) more powers of lA. Continuing in this way, we find 

t = Pn -1 + 2 (/rAr _2 — PN-i) + 3{PN-3 — PN- 2 ) + • ■ ■ + (A^ — 1)(/Xl — P 2 )- 

Taking into account the fact that in Rep {si n) , the dominant weights p appearing in satisfy 

Pi + -h Pn -1 < r + 1, we easily get, for /i = A + Ui, 

t + r + l>t + pi + --- + Pn -1 = Npi = {N - l){i - N) + i > {N - l){i - N) + i - 1. 

which finally gives the desired estimate. 

10.10. Remark The proof also shows that N{prV^^ 0 lA) = 0 for r < i — N. 
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10.11. Corollary Let n < m. 

a) Cn is a central element of 

b) On o ly? 0 ( 1 - Pj) 0 = 0,q + j + u = n. 


Proof a) The multiplicity of the trivial representation in PnV"^ is the same as that of the classical 
case, by the previous lemma, hence is the specialisation of a central intertwiner of the generic 
case, b) o ly, 0(1- Pj) 0 1 yu opn = 0 by Lemma 5.3, hence 

Cn O ly, 0 (1 - Pj) 0 ly^ =6^0 ly, 0 (1 - Pj) 0 lyu O (1 - p^) = 
lyi 0(1- Pj) 0 ly^ o Cn O (1 - = 0 

by a). 

We next consider the m-th term, C^, of the associative filtration corresponding to C(SU {N),i). 
For convenience we recall that = Dm/Sm, where Sm is spanned by elements of the form 
(p^Aoip — (poA^ip, together with (p® Z oip', and p' o Z' ® ip, where 

A e 0, 0'* = Pg+J+U o ly, 0 (1 - Pj) 0 ly. 

with m,n, q + j + u < fh. 

We define the linear functional 

h : Dfh —^ C, 

setting 

h{(p®1p)=(p{en1p), 00'?/’ e (C"')*Pn0PnC"', U < 771. 

where e„ G iPnV"',PnV^) is the orthogonal projection onto the isotypical component of the 
trivial representation. 

10.12. Theorem The functional h annihilates dm- Hence it gives rise to a Haar functional on 
C- 

Proof The functional h obviously annihilates elements <p 0 Atp — (pA 0 tp. Furthermore it also 
annihilates elements of the form p 0 Zip', p'Z' ® ip E dm, by Corollary 10.11, b). The rest is 
now clear. 

We finally verify the needed upper bound for deg(A) +deg(A) for all A G A^. We are interested 
in property c) of the following proposition. 

10.13. Proposition If A = (Ay ..., Aat-i) G A+ then 
A) deg{X) = Ai + ■ ■ ■ + Xn- 1 , 

b) A = (Ai, Ai — Atv-i, Ai — A 7 V- 2 , • • •, Ai — A 2 ), 

c) deg{X) + deg{X) = NXi < fh for X e A^. 

Proof Properties a) and b) are classical, and c) follows from an easy computation, since Ai < 

(f — N) for A G A^ and m = {N — l){i — N) + i — 1. We sketch a proof for completeness, a) 
follows from the fusion rules for the powers of V, recalled at the beginning of this section, b) 
Let Wo be longest element of the Weyl group. For si at, this is the permutation group Pat and wo 
is the permutation reversing the order of (ey ..., cat). Then 
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Appendix A. 

On the fusion C*-category of type A 

In this appendix we illustrate a eoncrete realisation of the fusion C'*-category associated 
to si AT in the sense of Theorem 5.4 and we identify a single generator, the quantum determinant 
element S. Most of the results are due to llUTl . but we have not been able to find a reference 
where S and the conjugation structure, Prop. A. 5, are made explicit. The main aspect is the use 
of the Kirillov-Wenzl inner product. 

The fusion rules seen in the previous section show that the trivial object of is contained with 
multiplicity 1 in V—^, hence there is a nonzero intertwiner, the quantum determinant element, 

5 e (u 

unique up to a scalar multiple. 

A.l. Theorem The quotient category 3^ of type Aat-i is generated by the quantum determinant 
S as a tensor *-category. 

Proof We have that (If— V—) ^ 0 s = t + hN for some h E h, by the fusion rules. If for 
example h > Owe can write an element B G (If—If^*) in the form 

B = S* (^ItoS* (^lt+NO---oS* (^It+hNoY, with y e (lf^*,lf^*). 

Indeed, we may choose F = S' ® li+hAr o • • • o S' 0 1^ o 5 which lies in the claimed space as 

y = S 0 It+hN o---oS'0lfOpjoi?=p^oS'0 It+hN o • • ■ o s 0 li O Pi o 5. 

by Lemma 5.1. On the other hand, by Schur-Weyl duality at roots of unity [|T3l the intertwining 
space (y^®, If^®) is linearly spanned by the representation e{b) = Pn^{h)pn of the braid group 
Bs obtained reducing the translates 1^0£0l^/ of the basic braiding operator e e (If®^, If®^) by 
Pn- Since the p„ themselves lie in the image of CB^, we are reduced to show that the basic braid¬ 
ing operator derived from the f?-matrix acting on (If®^, ff®^) lies in the tensor *-subcategory 
generated by S, and this will follow from Prop. A. 5. 

If for example I > 2N then tensor powers If ®*^ with fc up to are completely reducible, with 
multiplicities given as in the classical case. In particular, the k-tb fundamental representation 
/c = 1,..., — 1, is contained in ® V, and hence in If®^, with multiplicity 1. 

Set 

e = ERe (y®^ y®2), g = 

We recall that g gives rise to a representation of the Hecke algebra Hn{q) of type A on y®”. 
Indeed g has the following spectral decomposition on y®^^ 

g = q[2ui] - 

hence the translates gi = 0 g 0 In-i-i satisfy the defining relations (g, — q){gi + f) = 0 of 

Hn{q). In particular, e: is determined by the single projection We thus need to show that [u 2 \ 
is in turn an arrow of the tensor *-category generated by S. Showing this claim, as we next see, 
involves determining the conjugate equations for the submodule of y®^. Since it will not 
be more effort, we shall identify the conjugate equations for all the fundamental representations 

Consider the following sequence of central elements of G H^iq) inductively defined by 
a_i = I and 

a-n-i ■= <T(a-n) - q~^gia{a-n) H-h (-l)’^g“”gn • • • 5'icr(a_n), 

with a : Hn{q) —)■ if„+i(g) the homomorphism taking gi to pj+i. In particular, a _2 is a scalar 
multiple of [u 2 \. The next two lemmas recall certain known facts |I2T1|471|, see also [|35l. 

A.2. Lemma 

a) giCX—n O—jigi q oin, i 1 ,..., tt. 1 , 

b) = Xnd-n, with Xn := 
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Hence if ^ > n, we may consider the idempotent E_n := We next identify its range. 

The Hecke algebra generator g = e acts on a suitable orthonormal basis ipi, i = ... of 

the Hilbert space ofV = 14^ as 

g'lpi ®i)i = qtl^i (8 
g'lpi 0 'ipj = 'ijjj 0 V’D i> 3 

g'lpi 0 'ipj = ipj ®'ipi + {q- i < j. 

The quantum determinant S G (i, 1/®^) is given by 

S = ^ o • • • o 1pp(N)- 

pePjv 

More generally, we also introduce the following antisymmetrized elements in 1/®"^ for n < N 
spanning the submodule of V®^. Consider indices ii < i 2 <■■■< in with ij G {1,..., iV} 
and set, for i = (ii,..., in), 

® ® 

It will be useful to introduce also corresponding antisymmetrized elements over q~^, 

® • • • o V'i.M • 

pePn 

However, some caution is needed, as the Si do not span a submodule of V®^. 

A.3. Lemma We have that 

a) a-n = 0 for n > N, 

b) E_n is the idempotent of (1/®”, 1/®”) eorresponding to for n < N — 1 md to the 
trivial submodule for n = N. 

Proof This follows from a^ni^h ®= 0 if two indices repeat, while 0 

• • • 0 _ = {—qY^^'^Si for any i = ii<---<in and p G Pn- 

A main aspect for the values g G T is that the *-structure relies on the Kirillov-Wenzl inner 
product on tensor product spaces. We next identify an orthonormal basis of in the correct 
Hilbert space. 

A.4. Proposition Consider indiees i = ii < ■ ■ ■ < in, j = ji < ■ ■ ■ < jn- Then 

a) E_n is a self adjoint projeetion of (1/®”, 1/®”) forn < N, 

b) 

c) {Si, Sjj = 0 fori ^ j, 

d) ll^ilp = [n]g\. 

Proof a) Selfadjointness of E^n was shown in [1^ for the involution introduced in [l46ll . which, 
however, does coincide with that induced by Kirillov-Wenzl inner product, as they both make 
the spectral idempotent £'_2 = [oj-Y selfadjoint. b) Recall from Sect. 2 that 

and that 

R{n) ^ ^(n- 1 ) ^ ^ ^ ^(n- 2 ) = R{n-1) (g, 1 q 

Hence 

Rpi) _ o ... o . . . Rn-2n-l) ° {Rln ■ ■ ■ Rn-ln) 

It turns out convenient to decompose the permutation as a product of transpositions 

S^n Tin—In O • • • O (S 23 . . . Sin—In) ® (^12^23 • • • In)- 
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Distributing these transpositions among the Rij gives 

R^ ^ ^n—l O • • • {^2 • • • ^n—l) (^1 • • • ^n—l) 


An easy eomputation shows that 

giS^_=-q~^Si_, i = 


and this implies 

^n(n-l)/2iV^(n)^^ = o o . . . {g, . . . g^_,) o{g,... g^_,)S,^ = 

(_^-l)n(n-l)/2 ^ ® . . . 0 = 

peP„ 

PGPn 

On the other hand, reeall from Seet. 3 that aets as sealar multiplieation by 

^n(uii+2p,uii)-(uin+2p,uin)/2 

on the submodule of 1/®"^. A straightforward eomputation gives (cUn, ujn + 2p) = n + nN — 
m? — ^ and the eonelusion follows, e) follows from b) and d) from explieit eomputation of the 
Kirillov-Wenzl norm, 

IlS.f = (S.,s'”’s,), = 

,„(„-l)/2 ^ ® . . . ® ® . . . ® = 

P,p'GPn 

^n(n-l)/2 ^ (^-2)*(P) ^ 

PGP„ 

where inner produets are assumed antilinear in the first variable. 

Consider a partition of A^ = m + n, and fix indiees i = R < • • • < *„ in {1,..., A^}. We 
denote by j = ji < ■ ■ ■ < jm the indiees obtained from {1,..., A^} after removing ii,..., 

We shall refer to j as eonjugate to i. Obviously, i is eonjugate to j as well. Fix permutations 
s G Pm and r G P^ and define p G Pat by 


p(l) = js(i),...,p(m) = is(m), 
p{m + 1) = V(i), • • ■,p{m + n) = ir(n)- 

Every p G Pat can be uniquely written in this form. Denoting by N{i) the number of pairs 
(jh, 4) with jh > ik, we have i{p) = i{r) + i{s) + N{i). We thus have 


i 


where we have introduced upper indices clarifying the corresponding tensor power of V. Ex¬ 
changing the roles of m and n, we can also write 

h 

where h and k are conjugate indices as well. Similar relations hold for S, where q is replaced by 
q~^. These decompositions turn out useful for the next result. 

A.5. Proposition The following conjugate equations hold in the tilting tensor *-category 
associated to si n, 

S* 0 ly®m O ly«,m 0 4= (-1)”""■ [tTi] g! [tt] g! E-m 
S* 0 ly®n o ly®„ 0 4= (—l)™"'[m]g![n]g! E_n, 

where m + n = A^. Hence and are conjugate of each other. 
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Proof It suffices to show the first equation. Evaluating the left hand side on a veetor ip G f/®'" 
gives 

h 

h 

h 

q-NiN-m ^ 

h,i 

h 

(-ir"ln|,! ,,l.)S'f = 

h 

—(w) 

where we have sueeessively used selfadjointness of R with respeet to the tensor produet form, 
Prop. 3.6, N{K) + iV(fc) = mn, and the faet that is orthonormal basis of 

Vujm with respeet to the Kirillov-Wenzl inner produet. 
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